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Foreword

"What's one and one and one and one and one and one and one and one
and one and one?"

“I don't know," said Alice, "I lost count.”
"She can't do addition," said the Red Queen.
(Lewis Carroll, Through the Looking Glass)

The ability to distinguish quantity is not a human prerogative. Some think that
birds and even wasps can count (Dantzig, 1954). The idea of quantity exists without
humans, but it appears doubtful that humankind can exist without the idea of quantity.
Certainly since the coming of the human race, civilisations have developed and extended
ways of representing number, of counting and of calculating, As they have developed
these survival tools, they have developed ways of passing them on to their children and
successors,

We are still engaged in that necessary task today. It never was, and it never can be,
a static task with a final goal. The needs of society change: the methods of recording and
of calculating are refined or take a quantum leap; and we change and evolve new modes
and methods of imparting these skills to our children. There never was agreement. There
never will be. The matter is far too important to allow for that.

This book seeks to take stock of where we are in this process, and where we should
go. It looks briefly at the development of calculation and the progress of attempts to pass
these skills to ever increasing proportions of our children. It charts the rise of the
importance placed on written computation as the major skill required. It indicates and
describes the pressures acting on this position and the questions raised as to its
continuing relevance; and it shows examples of classrooms where attempts are being
made to forge and deliver appropriate computational goals for the future. Finally, it
discusses what needs to be done in the light of all this.

The history of the increasingly sophisticated ways that people have devised in
order to record numbers of increasing size is outside the scope of this book. This book is
concerned with calculations. It is important to distinguish between the two. Throughout
most of history many people have found ways of recording numbers, including the
results of calculations, by means of symbols. But throughout most of history people have
not used those symbols for calculating. They have devised and refined a number of
calculating devices, such as the abacus in its various forms.

Our most profound hope is that this book will not appear to be trying to impose a
new orthodoxy on the reader, but that it will succeed in providing information and the
opening up of the subject in such a way that the readers are able to make reasoned,
informed and responsible judgments for themselves.
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1t is more important that people think, than that they think what we think.

It is easy and dangerous to generate heat. It is certainly more difficult and less
sensational to generate light.

Let there be light!

Reference

Dantzig, T. (1954). Number, the language of science. New York: Macmillan.
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Introduction

Where we are Today

Alistair McIntosh

University of Tasmania

The average child in an American elementary school receives some 650 hours of
instruction in arithmetic, I arrive at this figure by assuming that children have a three-
quarter hour mathematics lesson every day for 180 days per year for six years, and that
arithmetic instruction is the topic for four out of the five lessons per week. There are
several assumptions in there that you could question. But I think that it is a fair estimate
and one which is not dissimilar to the practice in many countries.

The period of 650 hours is a large investment of time. Looked at one way, it is
almost 40 000 minutes—and a minute is a long time for some children in a mathematics
lesson. Looked at from another point of view, it is the equivalent of about twelve college
courses-—you could have two courses on number concepts, one on basic facts, one on
each of the four operations, two on decimals, one on fractions, one on problem solving,
and still have a whole course left over for revision. From any point of view, it is a
substantial commitment of time, and, since time costs money, it is a large financial
commitment on the part of the community., ‘

That being so, two things are important; first, that an effective job is done; and
second, that the job done is the right one. The community at large often queries the first
point, mainly on anecdotal evidence, but seldom questions the second. In this book, we
query both those assumptions: we ask whether what is being done is effective, but more
important; we ask whether the goals of arithmetic in most primary/elementary schools
are, any longer, the right goals. We suggest that what is being done is largely ineffective,
not at all because of any lack of effort on the part of teachers, but because the goals
themselves are unrealistic. More importantly, we argue that the goals themselves are not
appropriate for the present generation of children; and we try to indicate what, in the
opinion of the authors, are appropriate goals for elementary school arithmetic in today's
society.

First we take an-overview of where we are, and how we have arrived here; and
then we chart in greater detail the conditions that are telling us to change direction. We
will take some glimpses into classrooms and hear from teachers who have begun to
make that change. And finally we will assess the implications of what we have described
and discuss some options and practical possibilities for steps that we can take.

In ancient Greece, the reporter of bad tidings was usually killed (a practice
incidentally which if applied to today's media reporters might brighten up our
newspapers and TV screens considerably). We hope therefore that you will see the news
we bring as, in the end, not bad, but positive and optimistic.
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Before you reach the news in the later chapters of this book I want to address you,
the dedicated elementary or primary schoolteacher. In this volume the term ‘primary’
refers to pre-secondary school—usually up to grade or Year 6 (or 7 in some school
systems). In mathematics, you teach number for three or four out of five days each week.
Your main aim in number (I still prefer to call it arithmetic) is, at an appropriate age, to
teach children the four rules of number, pencil and paper arithmetic, with understanding,
through the use of materials.

Pencil and paper arithmetic, at an appropriate age, with understanding, through the
use of materials

I want to take these phrases and consider some of the issues and advice
underpinning each of them in turn. Are they still relevant? Are they still appropriate for
today’s children? Are they of use'to classroom teachers?

With understanding?

Well, lets face it, that's not what all teachers try to do. Not all, at an appropriate
age, with understanding, and through the use of materials. I remember going in to a Year
6 classroom to supervise a student teacher. As I entered, on my right the teacher, a
dynamic bundle, was ‘foghorning’ a test to the main body of children, while at the back
my student was working at a table with five students. My student was explaining to me
that these were children who were having great difficulties with subtraction, and she was
helping them use Base Ten materials to unrave! the problems. Suddenly, there was
relative silence, and I heard a determined clunk of footsteps approaching. The ‘foghorn’
stood before me and in a deafening whisper said: “She's not doing that understanding
stuff is she? It only confuses them!”

Well, she is severely out of date. That argument was fought out in the 1920s and
1930s. While some argued, like the foghorn, that teaching for understanding was a waste
of time, and that one should simply work through the list of things that children had to
know, or know how to do, one after the other, as so many jobs to be done and ticked off,
the views of those who argued that teaching without understanding was inefficient, since
understanding aided and accelerated learning, prevailed. As William Brownell put it in
1935:

Within the teaching of arithmetic there is absolutely no place for the view of
arithmetic as a heterogeneous mass of unrelated elements to be taught through
repetition. The 'meaning' theory conceives of arithmetic as a closely-knit system
of understandable ideas, principles and processes... The test of learning is not
mere mechanical facility in ‘figuring’. The true test is an intelligent grasp upon
number relations and the ability to deal with arithmetic operations with proper
comprehension of their mathematical as well as their practical significance. (p. 3)

These views were backed up by research findings such as those of Lyon and Reed,
reported by Brownell and Moser in 1949, Lyon reported that his subjects required, on
average, 93 minutes to learn 200 nonsense syllables, but only 10 minutes to learn 200
words of poetry. Reed found that it took his subjects, college students, an average of less
than two minutes to learn 9 lines of simple prose narrative, but almost four and one half
minutes to learn the same amount of difficult prose. Moreover, in retention his subjects
recalled 49 out of 67 ideas in the simple narrative but only 11.5 out of 67 ideas in the
complex narrative. Brownell and Moser themselves conducted the crucial piece of
research in 1949 which established the superiority of decomposition taught with
understanding as the most efficient subtraction method to teach in schools.
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Thus, sense making from understanding in arithmetic is important. More
meaningful learning can be achieved overall and in a shorter time if an emphasis is
placed on children understanding the ideas and processes. But this is not new
information for teachers and others interested in arithmetic.

At an appropriate age?

The Committee of Seven on Grade-Placement in Arithmetic began in 1926 and
was still continuing their work in 1939. Their findings were the result of testing in 255
cities in 16 states, involving 1190 teachers and 30 744 children. They defined an
appropriate age for teaching a subject as that when tests show that three quarters of the
children can recall seventy percent of the material six weeks after teaching (Bidwell &
Clason, 1970).

They used the concept of mental age as determined by intelligence tests, and
among their findings were that children with a mental age of six to seven should receive
“informal experiences to give children real concepts of number and space relations,
without any systematic drills” (p. 577). Children with a mental age of eight to nine “can
mechanically subtract three digits but we doubt whether such numbers have any real
meaning for them”, while only at a mental age of thirteen to fourteen were children
ready for fraction work involving “some addition and subtraction with unlike
denominators” (p. 577).

Or take the research of John Biggs involving some 5000 children in 87 schools in
England in 1967. Biggs (1967) was investigating the effects of teaching arithmetic by
various means including traditional ‘chalk and talk’ and the use of various materials
from Cuisenaire Rods to Multibase Arithmetic Blocks (MAB). From the data he
collected he found that “there was no evidence that the amount of formal work done in
the infants department [grades 1/2] bore any relationship to attainment later on in the
junior school”. He concluded that “if thorough drilling in the infant school produces
results that are little different from those that would be expected on the basis of the
initial intelligence of the groups ... then it would seem that there is something to be said
for doing work that is ... more interesting and that may be more rewarding in the long
run” (p. 241).

In other words, formal number work in the first two years of school is, at best, a
waste of time, and, more generally, we have tended to teach arithmetic skills at an
Inappropriately early age. It can of course be more than just a waste of time if it also
produces negative attitudes on the part of children. But again, this is not new information
for most teachers.

Through the use of materials?

From a great variety of studies I am most convinced by Biggs' painstaking,
thoughtful and cautious study mentioned above (Biggs, 1967):

On the basis of the present study, then, we may conclude that, relative to a highly
formally taught but otherwise strictly comparable group of children, the children
taught in a manner designed to provide the maximum of appropriately structured
experience with the minimum of the formal characteristics of rote learning will,
when they have become used to the method, which seems to be in at least two or
three years experience with it:

e  possess a sounder grasp of the logical structure of arithmetic, which enables
them to obtain higher scores not only on the concept test but also on the
mechanical arithmetic test, and
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o feel less worried and anxious about arithmetic and about schoolwork
generally. (p. 242)

An equally strong argument for using materials for calculation can be drawn from the
actual practicalities of the business of calculation through the ages. Through most of
history, most people have used materials for calculating: we can think primarily of the
abacus in all its forms: the ancient Roman abacus using grooves and pebbles; the
medieval abacus using tokens as ‘counters’ and lines on a wooden surface; the various
forms of bead abacus from the primitive ‘Russian’ to the Chinese abacus, and the more
modern Japanese version, the Soroban. Research by Stigler and Perry (1990) has shown
what I have long suspected that the use of the abacus gives its users particular facility
with mental calculation through mental manipulation of the physical actions.

Apart from the abacus, there have been Napier’s Rods for multiplication and,
within my own lifetime, the use of the slide rule, the mechanical hand calculator and,
now, the electronic calculator and computer. Each is an object to aid calculation, as is the
rather more awkward base ten materials or Multibase Arithmetic Blocks (MAB) as they
are often known.

What we should bear in mind is this: the Hindu-Arabic numerals, as all other
symbol systems, were devised to record the results of calculations. They need not also be
used for the calculations themselves.

Pencil and paper arithmetic?

So far, so good. It is probably true to say that this is a fair and concise summary of
the goal of the majority of thoughtful elementary teachers in developed countries today.
But there is one phrase that I have not examined so far, and that is the first one.

Why the emphasis on pencil and paper arithmetic?

This is one tradition that seems like a universal truth, but isn’t. In fact, in America
in the second half of the nineteenth century mental arithmetic maintained a status in
schools that was equal to, if not greater than, written arithmetic, because of its supposed
value in training the mind in memory and reasoning.

In the first half of the 20" century the acquisition of speed and accuracy in written
computation may well have been a defensible major goal of universal education. An
economic reason was that all bookkeeping, and there was a lot of it from small
shopkeepers to banks, had to be done manually. Many films and stories provide an
image of large, dusty, leather-bound ledgers and Dickensian clerks at desks with pens.

And we still have a lingering gut feeling that pencil and paper results are somehow
more solid than answers obtained by mental calculation. Lewis Carroll-—a pseudonym
for Charles Dodgson—who was a mathematician (as well as the inventor of the folding
map and one of the foremost amateur photographers of the Victorian age), expressed this
neatly: :

"How many days are there in a year?”

"Three hundred and sixty-five,” said Alice.

"And how many birthdays have you?”

"One.”

"And if you take one from three hundred and sixty-five, what remains?”

"Three hundred and sixty-four, of course.”

Humpty Dumpty looked doubtful.

"I"d rather see that done on paper,” he said.
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But the reasons for paying less attention to written computation now are strong and
need to be more widely known and discussed. Equally strong are the reasons for paying
more, and more useful, attention, to mental computation. As the Cockcroft Report in
England said in 1982:

The decline of mental and oral work within mathematics classrooms represents a

failure to recognise the central place which working ‘done in the head’ occupies

throughout mathematics. (p. 75)

One reason for placing less emphasis on written computation is that children, even at the
height of their subjection to it, try to avoid using it:

One of the most remarkable things about these methods [standard written

algorithms] is that they are used so little. In some research directed to quite other

ends, D. A. Jones investigated the methods used by each of 80 11-year-olds to

calculate 67 + 38, 83 — 26, 17 x 6 and 116 + 4. The questions were written in this

form and the children were free to use written or mental methods. Over half of the

320 calculations were successfully completed by non-standard methods... Thus

despite the heavy teaching of standard algorithms, they are not necessarily chosen

for calculations of this difficulty. (Plunkett, 1979, p. 3)

Moreover, children appear to use their own invented mental methods more
successfully than the written methods they have been taught. Nunes, Carraher and
Schliemann (1987) interviewed 16 third-graders in Brazil, ranging in ages from 8 to 13
years. Each child was asked to solve ten problems in each of three conditions: (a) in a
simulated store condition, in which the child played the role of the storekeeper and the
experimenter the role of the customer, (b) embedded in word problems and (c) as
computation exercises. In all cases the children were left free to use whatever calculation
method they preferred. Figure 1 shows the percentage of correct responses given by
procedure used (oral or mental) for each of the three conditions. In every case, the
children used their own oral methods much more successfully than the written methods
that they had been taught in school.

Percentage of correct responses, by procedure used
in problem solving and by testing condition

B oral

O written

= N w E-N (9,1 [o)]
o (=] o o O O
+ t } } } t

Percentage of correct responses

_{
Simulated shop Word problems Computation exercise

o
5

Figure 1: Performance on oral and written computation in different situations
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Adults also seldom use written computation. Here is evidence from a study done
in 1957, when electronic calculators were unknown.

The primary purpose of this study was to determine the relative importance of
‘mental’ and ‘paper and pencil’ mathematics...in the solutions of problems
encountered in everyday non-occupational usage by adults,

Since 75 per cent of the uses reported were ‘mental’ and 25 per cent 'paper-and-
pencil’, in this study ‘mental’ uses outnumbered ‘paper-and-pencil’ uses in the
ratio of 3 to 1. (Wandt & Brown 1957, p. 153)

Now that electronic calculating devices are universally cheap and available, it is
reasonable to assume that the use of written calculation is proportionately even less
common. In fact, Mclntosh, Northcote and Sparrow (1999) some forty years later
revisited the Wandt and Brown study and found, even in an age of cheap and readily
available calculating devices, similar results. That is, there was a heavy emphasis on the
use of personalised mental methods, some use of calculating devices and little use of
formal, standard paper and pencil procedures.

So the non-school world is full of mental computation, while the school world is filled
with written computation. ‘Surely this is not appropriate. Maier put the case thus:
If school is to be preparatory for life outside school, the school world ought to
be as much like the non-school world as possible. In particular, young people in
classrooms ought to do mathematics as it is done by folk in other parts of the
world. School mathematics ought to emulate folk mathematics.
Woody Guthrie defined folk music as "music that folks sing". In the same way,
folk mathematics is mathematics that folks do.... Folk mathematics is the way
people handle the mathematics-related problems arising in everyday life,
... Some of the differences between school maths and folk maths are clear. One
is that school maths is largely paper-and-pencil maths, while folk maths is not.
In folk maths, paper and pencil are a last resort. Yet they are the mainstay of
school maths. (p. 22)

But the case against written computation lies not just in the fact that it is relatively
useless, and a waste of valuable time. It is also harmful. First, it gives children a false
idea of what one should do when calculating. Figure 2 presents some, and by no means
rare, examples of what we persuade children to do when we concentrate on formal
written algorithms. These instances were collected by Hope in 1986.

0 5 099 9
14 360 $1610 KO 125
6  -359 -99.95 x 1000
08 001 000.05 000
000
000
125
125000

Figure 2. Examples of children’s meaningless algorithms
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In the first example, to calculate 14 subtract 6, the child has learned to write the
calculation in vertical form, to say something like, ‘4 take 6 I cannot, take one ten and
make it into ten ones, now 14 take 6 ...’. And of course that was the problem at the
outset. The intervening activity has changed nothing and helped nothing, The interest
lies in how to calculate 14 — 6 mentally. The second example is dangerous in suggesting
that counting and calculating are unrelated. The third is a case in which mental
computation is obviously an easier solution strategy to use than the written algorithm;
while the last example, with all its zeros, obscures the practical advantage of a base ten
number system. Significantly, Hope (1986) followed these examples by observing:

When asked why she went through a lengthy approach to do a calculation that
could have been done more easily ‘in the head’ one girl replied defensively,
“That’s what we have to do in school!” (p. 50)

Trafton (1986) summed up the situation in a clear and levelheaded way:

Estimation, mental computation, and calculators need to be accepted as legitimate
computational methods. Students often feel that the estimation and mental-
computation strategies they develop on their own must be kept from teachers
because their use would not be considered ‘proper’. (p. 2)

The effect of a distorting over-emphasis on formal computation is exemplified by
the true story of a Japanese girl who was asked to make an estimate. “It is a wicked
method,” she said. Having been trained to give microscopically correct answers, being
asked to give an inaccurate, and therefore ‘wrong’ answer was, to her, clearly immoral.
We must be as careful about our effect on children’s attitudes as we are about our
concern for their technical skills. One defence made of teaching formal written
algorithms is that this helps children to understand how numbers work. But a moment’s
thought makes this a very dubious proposition indeed.

A disadvantage of written methods is that the worker is not encouraged to think
about the method he is using.... The practising of traditional written methods does
not develop an awareness of the structure and properties of number., Contrary to
this it will allow those with little understanding of place value to obtain right
answers.... Now that we have calculators to give us right answers, the importance
placed on traditional written methods must be in question. (Jones, 1988, p. 43)

Here is Hope voicing an opinion about which I have received a great deal of anecdotal
support.

Some able children may lose part of their ability to calculate menfally as they begin
to learn the algorithms taught in school.... An early emphasis on written algorithms
may discourage the development of the ability to calculate mentally. (Hope 1987,
p.333) )

T have had many acquaintances tell me that their child was keen on numbers before he or
she started school and was quite adept at simple mental problems: but after school set in,
the talk was of ‘the way my tedcher says you should do it’ and the interest waned.

Edith Biggs, that wonderful lady, who stomped round the villages of England
galvanising teachers into letting children do things and not just write things in
mathematics lessons, said this:

This then is a crucial test of readiness for practice in written computation with tens
and units; the ability to add two 2-digit numbers mentally by an efficient method.
(Biggs, cited in Ewbank, 1977, p. 29)
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And Ewbank, who gave this quote, continued:

... At first this looks like putting the cart before the horse. But on reflection I feel
it makes good sense. (Ewbank, 1977, p. 29)

And she, and he, are right. When children have devised a way of adding two-digit
numbers mentally, they show that they have understood both the problem and a method
of solution. They understand sufficiently how numbers work. Then they can understand
another way produced from outside, because they will be able to relate the new way to
the way they have themselves constructed. Of course you can’t decree which way they
will use in future, theirs or yours.

Two further reasons for encouraging an emphasis on mental rather than written
computation are that, first, we need mental computation constantly in order to help us
make mental estimates; and, second, we need it in order to decide whether to trust or
query results obtained on electronic calculators and electronic cash registers.

Finally, mental computation, if approached correctly, is more in tune with current
practices in mathematics education. Let me explain this. I invite you to do two things.
First, pause a moment and do this addition as a written calculation:

' 57+86

I imagine that almost all of you wrote 86 under 57, drew a line beneath, perhaps
put an addition sign on the left of 86, and said ‘7 and 6 are 13, put down the 3 and carry
the 1, 5 and 8 are 13 and 1 is 14. Answer 143’,

Now do this calculation mentally, without writing anything:
25+89

Some of you probably imagined doing mentally something very similar to what
you did with the previous calculation. You may even have closed your eyes, and moved
your hand in the air as though writing. But I suspect that most of you didn’t. Perhaps you
used one of the following methods:

20+80=100,5+9=14,100+ 14 =114.
25+75=100,100+ 14 =114
89+11=100,100+14=114
89+25=90+24=114
100 +25=125,125-11=114

These are among the many different ways people have told me they have
performed this calculation mentally. What do they have in common? Well, first, they are
all different. Second, they all work. Third, probably none of them were taught to you at
school. Fourth, they were devised by you after considering closely, if only for an instant,
the particular numbers involved, what you knew about them, how they related to other
numbers (20 and 80 make 100, 89 is near 90 or 100 and so on) and how you could use
what you know to make this particular calculation as simple as possible. You were being
creative, active, concentrating on number relationships and problem-solving. Moreover,
other people’s methods for completing this calculatlon were of interest to you because
they were different from your method,

How different this is from the atmosphere engendered by the written computation
with its concern and anxiety. Did T get it right? Did I set it out right? Did I remember
what I was meant to do?
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Which activity conforms more to the general goals of education for children in the
elementary school today—the second example of unthinking recall of instructions, or the
first emphasising creative problem-solving and sense making based on number relations?

However, the real argument is not between mental and written computation. The
real argument is about what the main goal of arithmetic in the primary school should be.
A traditional response was: speed and accuracy in written computation. In this book we
suggest that the appropriate response today is the acquisition of number sense.

Number sense refers to;

A person’s general understanding of number and operations along with the ability
and inclination to use this understanding in flexible ways to make mathematical
judgments and to develop useful strategies for handling numbers and operations....
It is an important underlying theme as the learner chooses, develops and uses
computational methods. (McIntosh, Reys & Reys, 1995, p. 3)

One story, a true one, sticks in my mind as exemplifying the difference between
skill in written computation and number sense. I had occasion some years ago to buy
two identical articles, marked as costing $2.50 each, but labelled ‘half marked price’. 1
took them to the counter where the assistant picked up the first article, wrote $2.50,
performed a written division by 2, and obtained the result $1.25. She then picked up the
other, identical article, wrote $2.50, performed a second written division of the same
numbers by two, and again obtained $1.25. She then wrote $1.25 twice, one below the
other, drew a line, performed a written addition, and obtained $2.50. She handed them
to me and said, with no flicker of any expression: “That will be $2.50 please”. I cannot
fault her written computation skills. But I do think that she showed no glimmer of
number sense.

Faced with a problem situation, people with good number sensec see that a
quantitative solution is required and are not deterred by this. They ask themselves, What
kind of answer is needed—approximate or exact? If approximate, then an estimate is
needed. If exact, then the next task is to choose an appropriate method of solution:
depending on the complexity of the calculation required, and having a reasonable
proficiency in a variety of methods, people with good number sense choose between
computer, calculator, written or mental computation, produce an answer, and check this
answer for reliability by comparing it with an estimate,

If we are to take this emphasis seriously, then we must pa'y attention to all the
loops and make sure our actions with children all move in the direction of the central
aim. If emphasis on one aspect conflicts with this, then we must rethink this emphasis.
It is not efficient to concentrate all the instructional attention on one method of
calculation (even if that in itself were successfully achieved), and expect that all the
other aspects of number sense will somehow fall into place.

Apart from the introduction of calculators, none of this is less than fifty years old,
as theory. As some indication that current rule-and-written-based teaching is less than
successful in instilling number sense in our students, Table 1 presents some results of
testing Professors Robert and Barbara Reys of the University of Missouri-Columbia and
myself and other colleagues carried out in 1993 in Australia, the United States, Sweden,
Japan and Taiwan (McIntosh, Reys, Reys, Bana, & Farrell, 1997).
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Table I; International student performance on selected number sense items

How many decimals are there between
1.52 and 1.53?

23% of Year 9 students said None (AUS)

How many fractions are there between
2/5 and 3/5?

29% of Year 7 students said None (AUS)

Name a fraction between 1/; and 1, other
than */?

44% of Year 7 could not (AUS)

10% of the boys and 10% of the girls in a
school smoke. What percent of the
students in the school smoke?

64% of Year 8 said 20% (SWE)

About how many days have you lived?

500, 5000, 50 000, 500 000 or 5 000 000

7% of Year 8 students chose 5 million
(SWE)

Calculate '%/ 13+ 7/g

63% correctly calculated, but only 38%

correctly estimated that the result was
nearest to 2 [given the choices 1, 2, 19
and 21] (TAIW).

Write >, = or < to make this a true
statement: 456 + 8 456 x 1/g.

32% of Year 9 chose < or > (AUS)

Calculate '/ 10X 45

60% of Year 9 would choose to do
mentally (AUS)

Calculate 0.1 x 45

45% would make a similar choice to do
mentally (AUS)

There is nothing in the nature of mathematics, in educational theory, in
psychology or in tradition that says that we have to continue to concentrate on formal
written algorithms. National and State guidelines have moved, or are moving strongly in
this direction. We have only ourselves, and our colleagues to convince. We hope that
what follows will help you to make your own informed decision about what is

appropriate.

Beyond Written Computation

12



References

Bidwell, J. & Clason, R. (1970) (Eds.). Readings in the history of mathematics
education. Washington, DC: National Council of Teachers of Mathematics.

Biggs, J. (1967). Mathematics and the conditions of learning. Slough: National
Foundation for Educational research.

Brownell, W. (1935). Psychological considerations in the learning and the teaching of
arithmetic. In The teaching of arithmetic: The tenth yearbook of the National
Council of Teachers of Mathematics (pp. 1-31). New York: Teachers College,
Columbia University.

Brownell, W. & Moser, H. (1949). Meaningful V Mechanical learning: A study in

Grade 3 subtraction. Duke University Studies in Education, Number 8. Durham,
NY: Duke University Press,

Cockeroft, W. (1982). Mathematics counts, Report of the Committee of Inquiry into the
teaching of mathematics in schools under the Chairmanship of Dr W.H. Cockcroft.
London: Her Majesty’s Stationary Office.

Ewbank, W. (1977). Mental arithmetic a neglected topic? Mathematics in School, 6(5),
28-31.

Hope, J. (1986). Mental calculation: Anachronism or basic skill? In H. Schoen &
M. Zweng (Eds.), Estimation and mental computation (pp. 45-55). Reston, VA:
NCTM.

Hope, J. (1987). A case study of a highly skilled mental calculator. Journal for
Research in Mathematics Education 18(5), 331-342.

Jones, P. (1988). Mental mathematics moves ahead. Mathematics in School, 88, 42-44.
Maier, E. (1980). Folk mathematics. Mathematics Teaching, 93, 21-23.

MclIntosh, A., Northcote, M. & Sparrow, L. (1999). Adults’ non-occupational
mathematics: Wandt and Brown revisited. In J. M. Truran & K. M. Truran (Eds.),
Making the Difference. Proceedings of the 22" Annual Conference of the
Mathematics Education Research Group of Australasia. Adelaide: MERGA.

Mclntosh, A., Reys, B.J. & Reys, R.E. (1992). A proposed framework for examining
number sense. For the Learning of Mathematics, 12(3), 2-8.

Mclntosh, A., Reys, B., Reys, R., Bana, J., & Farrell, B. (1997). Number sense in
school mathematics: Student performance in four countries. Perth: MASTEC, Edith
Cowan University.

Nunes, T., Carraher, D. & Schlieman, A. (1987). Written and 6ral mathematics. Journal
Jfor Research in Mathematics Education. 18(2), 83-97.

Plunkett, S. (1979). Decomposition and all that rot. Mathematics in School. 8(3), 2-7.
Reys, R.E. (1984). Mental computation and estimation: Past, present and future,
Elementary School Journal, 84(5), 546-557.

Stigler, J. & Perry, M. (1990) Mathematics learning in Japanese, Chinese and American
classrooms. In L. Steffe, P. Nesher, P. Cobb, G. Goldin & B. Greer (Eds.), Cultural
psychology: Essays on comparative human development (pp. 328-353) Cambridge:
Cambridge University Press.

Beyond Written Computation
13



Trafton, P. (1986). Computation—It’s time for a change! Arithmetic Teacher, 34(3), 2.

Wandt, E. & Brown, G. (1957). Non-occupational uses of mathematics: Mental and
written—approximate and exact. Arithmetic Teacher 4(4), 151-154.

Beyond Written Computation
14



Part 1

Young Children’s Number Concepts
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1.0

Introduction

Alistair MclIntosh

University of Tasmania

Beyond Written Computation describes recent changes in approach to the
development of children’s ability to calculate and handle quantitative situations, But as
any teacher knows, there is a great deal of prior learning about number that precedes
even the earliest encounters with calculating. Moreover, knowledge and understanding
of number deepens and spreads throughout a child’s education,

Part 1 provides three perspectives on the development of young children’s ideas
of numbers and operations, and in doing so emphasises three central themes of the
book: the importance of conceptual understanding, the central role of the teacher, and
the exploration of critical incidents.

Mulligan provides an Australian overview of key aspects of early number learning
critical to the development of number sense and computation, drawing on experience of
a major project originating from New South Wales. She exemplifies the value of a
research-based approach to the curriculum, describes and illustrates four key aspects of
early number learning, and draws on encounters with individual students to illuminate
the narrative. Amongst other important relationships described is that between
calculating and increasingly sophisticated methods of counting.

Askew, Bibby and Brown provide a British perspective on early number work,
drawing on experience of a large-scale British research project aimed at improving
standards of early numeracy, particularly of low achievers. They highlight three key
issues: the role of mental computation, the place of practical work and ‘real’ contexts,
and the critical interface between assessment and teaching. In particular they re-assess
and re-emphasise the central role of the teacher.

Whitenack, Knipping, Novinger and Underwood pick up one of Mulligan’s four
key aspects of early number learning—place value; and also on Askew and his
colleagues’ focus on the teacher. They illuminate and illustrate both aspects by a close
focus on two critical classroom incidents in a project that draws on experience in two
major studies in the United States, They illustrate the importance of teachers’
knowledge and understanding of children’s conceptual development and the role of
sensitive and open classroom discussion, and clarify the constant and detailed decision
making involved in teaching.
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1.1

Key Aspects of Early Number Learning

Joanne Mulligan

Macquarie University, Sydney

The teaching and learning of early numeracy in the 21% century requires educators
to take a more holistic view of the complexities of young children’s mathematics
learning, The increasing diversity of young children’s life experiences that give rise to
fundamental aspects of mathematics has changed the way they come to understand their
world quantitatively. Widespread and early exposure to information technologies
including multimedia has influenced the way children acquire and represent informal
notions of mathematics (Diezmann & Yelland, 2000). As well, our expectations of the
capabilities of young children have been raised in response to their growing capacity to
develop and apply mathematical concepts much carlier than previously expected.

Early mathematical literacy is now a priority at international level with
government projects targeted at improving numeracy in schools generally (Department
of Education, Training and Youth Affairs, 2000; Brown, 2000; National Council of
Teachers of Mathematics, 2000; Perry, 2000). If our common goal is to develop young
children’s ‘number sense’, this means that we may need to place a major emphasis on
those mathematical processes that promote the development of a flexible range of
numerical strategies. The development of efficient mental calculation strategies, based
on informal methods, has emerged as a new priority for early numeracy. This is in sharp
contrast to traditional emphasis on written algorithmic procedures.

This chapter describes some key aspects of early number learning critical to the
development of number sense and mental computation, and mathematics generally:
counting and estimation, grouping and partitioning, base ten, and arithmetical
strategies. These aspects can be seen as interrelated parts of a complex framework of
number ideas and relationships. Several classroom examples will be used to illustrate
these aspects and how children can use a range of strategies in interrelated ways. A
Learning Framework in Number (LFIN) will exemplify a structured way of mapping
the development of children’s early numerical strategies (NSW Department of
Education & Training, 1998). First, some background research will provide an overview
to current perspectives on early' numeracy in the 21* century.

Background

" In past decades attention has been focused on how young individuals develop
specific concepts or skills such as counting, addition and subtraction, and how teaching
might foster number learning. Traditionally, early number learning was perceived as
‘pre-number’, viewed as a set of Piagetian-based hierarchical skills such as sorting and
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classification, conservation, cardinal and ordinal number. These fundamental aspects of
early number learning remain important but current direction has shifted to the child’s
development of a rich repertoire of arithmetical concepts and strategies (Tang &
Ginsburg, 1999). The rate and methods by which the child develops these aspects is
considered to vary considerably for individuals.

More recent emphasis has been placed on the teacher’s role in the learning
process and how social interactions impact on children’s mathematical learning overall
(Cobb & McClain, 1999). Children are seen as individuals within the classroom as a
collaborative learning environment. The role of the teacher is to identify and promote
those strategies that contribute explicitly to the development of children’s increasingly
sophisticated mathematical strategies. Children are being encouraged to develop a range
of strategies to solve mathematical problems, and to reflect upon, justify and explain
their own strategies and the strategies of others.

Australian government initiatives in early numeracy such as the NSW ‘Count Me
In Too’ project (CMIT) and the Victorian ‘Early Number Research Program’ (ENRP)
have assisted teachers in developing their pedagogical knowledge in order to support
students’ development (Clarke, Sullivan, Cheesman, & Clarke, 2000; Gould, 2000).
Frameworks for early number learning have been developed to provide a basis for
teachers to promote the development of numerical strategies (Wright, 1998).

Research on Early Numeracy

Extensive research on the development of early number knowledge has provided
a more coherent picture of the development from informal to formal numerical ideas
(Mulligan & Mitchelmore, 1996; Steffe, Cobb, & Richards, 1998; Wright, Martland, &
Stafford, 2000), The early acquisition of counting, partitioning and grouping strategies,
base ten and arithmetical knowledge has been highlighted as critical to mathematical
learning. Studies focused on children’s solutions to word problems have identified the
development of sound problem-solving strategies and the importance of modelling and
representation in this process (Anghileri, 1989; Carpenter, Ansell, Franke, Fennema, &
Weisbeck, 1993; Clark & Kamii, 1996; Kouba, 1989; Mulligan & Mitchelmore, 1997).

The use of imagery has also been linked to young children’s conceptual
development of number and the way they represent numerical ideas (English, 2004,
Gray & Pitta, 1996; Mulligan, Mitchelmore, Outhred, & Russell, 1997; Thomas &
Mulligan, 1995; Thomas, Mulligan, & Goldin, 2002). Children’s images, whether they
are shown as primitive pictures, icons or more abstract notations, can determine how
they represent number sequences, for example, and the way they might structure
mathematical situations, There has been much attention on generating and assessing
pupil work samples of mathematical ideas including their drawings and diagrams of
solution strategies, and explanations of how they use numerical ideas (Board of Studies
NSW, 2002; Diezmann & Yelland, 2000).

Given the extensive work on early numeracy, some common findings are
summarised as follows:

1. Children’s informal and intuitive numerical images, ideas, explanations
and recordings form a very important basis in developing numerical concepts
(Bobis, 1996; Gifford, 1995; Hughes, 1986; Mulligan & Mitchelmore, 1996);
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2. Many children begin school with a large repertoire of numerical
strategies such as counting, grouping, partitioning, and computational skills,
which have been developed earlier than traditionally expected (Carpenter et al.,
1993; Clark & Kamii, 1996; Macmillan, 1995; Wright, Mulligan, & Gould, 2000;
Young-Loveridge, 1997);

3. Children need to develop and recognise underlying structures in order to
understand how the number system is organised and ordered by grouping in tens
etc. (Hiebert & Wearne, 1992; McClain & Bowers, 2000; Thomas & Mulligan,
1999; Whitenack, Knipping, Novinger, & Underwood, this volume);

4, Children can develop counting and arithmetical strategies by devising
their own problems and solving simple problems related to the four operations;
they can discuss, explain and record their thinking using numerical
representations that approximate conventional notations (Carpenter et al., 1993;
English, 2004; Mulligan & Mitchelmore, 1996);

5. Children need to develop number sense through flexibility in the way
they use mental strategies (McIntosh, 1998; Trafton, 1999);

6.  Children can develop increasingly sophisticated counting and
arithmetical strategies by challenging them to think abstractly rather than relying
on concrete or visual models (Boulton-Lewis, 1998; Wright, 1998); and

7. Children can use calculators effectively to promote their numerical
concepts and skills and problem-solving strategies (Groves & Stacey, 1998).

Research on the development of early number knowledge in Australia has been
extensive (Doig, Groves & Mulligan, 2004; McIntosh & Dole, 2000; Wright, Mulligan,
Bobis, & Stewart, 1996). This has highlighted the importance of young children’s
developing number ‘strategies’ and ‘number sense’. Number strategies refer to
particular methods or skills that the child develops either intuitively or from
instructional experiences such as counting-on, counting back, sharing, and grouping,
Number sense refers to the child’s general understanding and use of numerical concepts
and strategies as well as the ability to apply these in flexible ways. For young children
this may involve applying a known strategy to a new situation such as using doubles,
combining strategies such as doubling and subtracting one, making sensible estimates
and thinking about the reasonableness of an answer.

Key Aspects of Early Number Learning:
Seeing Structure and Interrelationships

In the following section some classroom examples of children’s use of key
aspects of number learning are shown: counting and estimation, grouping and
partitioning, base ten and arithmetical strategies. No single aspect alone can determine
the growth and development of number knowledge. Children’s pre-calculation and
mental computation strategies are based on developing these aspects with increasing
levels of sophistication. Critical to this development is the growth of abstract thinking
that promotes effective mental computation strategies.

It is also crucial to look at the way children establish, or fail to establish,
relationships between one aspect and another, Ideally this requires that children find
similarities and differences between one numerical aspect and another, such as using a
counting sequence of multiples to form equal groups. Seeing these connections will
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enable children to develop a flexibility that enables them to develop a coherent range of
arithmetical (computational) strategies and where they can move between one strategy
and another. Existing strategies can be extended to solve a new, related problem; or a
new strategy may be constructed that builds upon prior strategies. Eventually, children
can develop an ‘astuteness’ that one strategy may be more effective, or more efficient,
than another when calculating mentally or solving a simple problem. We also need to
consider how individuals vary in developing their own methods for finding patterns and
relationships between these key aspects and how this might influence their operating
with larger numbers later.

Underpinning the effective development of key aspects of number learning and
corresponding mental strategies is the child’s ability to see ‘structure’ in numerical
processes and representations. Structure can be identified in a variety of ways such as
by finding patterns of five on an array of twenty-five items rather than seeing twenty-
five individual items. Some children impose their own structure on mathematical
situations and this may enhance or impede effective solution strategies.

Recognising and creating patterns is also fundamental to developing underlying
structure. The following examples show estimating and subitising where children
discriminate between dot patterns to identify the quantities. Subitising is the process of
immediately recognising how many items are in a small group. A series of dot-pattern
cards (1 to 10) were flashed and the child asked to give an estimate of the number of
dots. Then they were asked to match the cards that had the same number of dots and
explain why one card was easier to quantify than another. Similarly other patterns of the
numerals 5 to 10 were explored. Figure 1 shows Emma’s ability to form different
structures of eight (Bobis, Mulligan, & Lowrie, 2003, p. 131).

LT
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Figure 1: Similarities and differences between pétterns of 8 (Emma, Kindergarten)

Identifying the quantities on dot cards can be extended to include many aspects of
number learning by requiring children to match the patterns with objects, draw the
patterns from memory, record the numerals and number names, ordér the cards
numerically and generate new patterns such as odds and evens. Children can also be
encouraged to create their own spatial arrangements. Bobis (1996) describes how a
teaching program using dot patterns enabled students to successfully recognise and
construct number patterns and basic combinations in the first year of schooling,
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The development of number sense overarches the child’s general understanding of
number concepts and strategies. It is important that the child can gain a flexibility or a
‘feeling’ for how the number system works. Samantha, aged 5 years 2 months, gives a
good example of her mental picture of the number sequence from 1 to 20 as shown in

Figure 2.
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Figure 2: Samantha counting from 1 to 20

Developing Mental Computation Strategies

Three examples, showing a range of mental computation strategies are drawn
from:classroom studies of children in the first two years of schooling.
Example 1: Counting, addition and multiplication strategies

In response to the task, “Start with two and the answer is ten”, Kindergarten
children demoustrated wide differences in the mental computation strategies they used
to solve and explain relationships between the numbers two and ten.

Excerpt 1 (Samantha)

You start with two and you go 3, 4, 5, 6, 7, 8, 9, 10 (shows fingers for each
count) and you have eight more.

Excerpt 2 (Tran)

Four, six, eight, ten. Eight more makes ten (shows fingers for each count).
Excerpt 3 (Paul)

Two and three makes five, and five more makes ten. I doubled five. [Five] and
the three makes eight altogether.
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Excerpt 4 (William)
You could break the ten into five bits so there’s two in each, so five twos make
ten.

Excerpt 5 (Anna) “Ten is five twos, so ten is five times bigger.

These excerpts show increasingly sophisticated strategies that can be
distinguished in a number of ways. Excerpt 1 shows that Samantha used a count-by-
ones strategy and records the process using her fingers. This is often referred to as
perceptual counting (Wright, 1998). Tran shows an advance on this strategy by using
the multiple pattern of two but is still at a perceptual level. There is a marked difference
in the strategies used by Paul who uses a partitioning of five and doubles to arrive at the
combination of three and five. This flexibility is a basis for developing more complex
mental computation strategies. Excerpts 4 and 5 are distinguished by the children’s
ability to use multiplicative ideas rather than counting, or additive strategies where
multiplication is used as an operation—*‘ten is five times bigger”. If young children are
developing these more advanced strategies in simple situations the transfer of these
strategies to situations involving larger quantities can take place.

Example 2: Base ten and equal grouping

The numeration system is often described as a base ten number system and the
structure of the system needs to be understood by children in order for them to extend
the system to larger whole numbers and to include decimal numbers (Hiebert &
Wearne, 1992). One of the difficulties children experience is that they learn the place
value of units (or ones), tens, hundreds and thousands without seeing the pattern of tens.
They need to see that the system of numeration is based on the use of ten as a unit (ten
ones makes one ten) and cach place value is created by multiplying by ten. In the next
chapter of this volume, Whitenack et al. show how children’s flexible thinking about
collections of tens and ones should precede or occur concurrently with teaching
addition and subtraction of two-digit numbers.

The idea of forming equal groups, particularly groups of ten, is an advance on the early
counting and mental calculation strategies exemplified above. Equal grouping requires
the child to form groups of equal size and use these groups as units. Children’s mental
computation strategies for estimating or calculating the number of items in a group can
distinguish important differences between using unitary counting and additive or
multiplicative ideas. In a longitudinal study of early number concepts (Mulligan et al.,
1997), 120 Year 2 students were shown a random collection of counters with each
example of increasingly difficult number size, (i) 10 items (ii) 20 items or (iii) 100
items, The students were asked:

You don’t need to work out how many counters there are but can you show me
an easy way of working out how many counters there are very quickly? Are
there any other ways that you could group the items?

These responses to the task with 100 counters revealed a wide range of strategies
with 24% of students using unitary (count by ones) strategies. For example, Amanda
made several attempts to count the items by ones but lost track of her counting and the
items each time. Jason used a multiple counting pattern (2, 4, 6, ...) by placing the
counters in equal groups of 2 and counting by twos to 100. Others used variations of the
pattern of twos by doubling and redoubling. More than 50% of students used quinary-
based strategies showing some structural characteristics where the formation of equal-
sized groups, rows or arrays of five counters allowed the students to calculate the total
easily if they needed to.
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One student used his hand as an informal unit of measure in such a way that
covering eight counters with one and then using the hand as a unit. “There’s about 12
hands worth of counters and eight in one hand, so I would count up eight, twelve
times”. Two of the most sophisticated responses showed how students used spatial
patterns to form groups. ]

[ made an empty array by making a row of ten and a column of ten in an L Shape

and then you could fill it in with counters, I"d know if there were 100 because it

would be ten tens.

Another student suggested that the counters could be placed on grid paper in rows
of 10 (with squares of approximate size to the counters) and counting the number of
rows using repeated addition. The development of increasingly sophisticated grouping
and calculation strategies can be enhanced when the teacher is aware of the level of
strategy use by the student. The modelling of equal groups and the associated counting
patterns can assist students in moving beyond unitary and simplistic counting methods
to see the structure of equal groups and determining the most efficient group size—for
example, when groups of ten are more appropriate than groups of two.

Example 3: Using interrvelationships

Base ten strategies can be used to assist the child to combine and extend existing
grouping and partitioning strategies. The following example shows how Timothy, aged
5 years, calculates four groups of fifteen using mental strategies based on grouping,
partitioning and combining tens and fives.

Fifteen kids in each group and 4 groups, I can do it in tens ... 10, 20, 30, 40
(flashes ten fingers simultaneously with count) makes forty, and the fives, 5, 10,
15, 20 (flashes five fingers simultaneously with count), forty and twenty, that’s
40, 50, 60 .., that’s 60 kids all together.

Susie, aged six years, uses an alternative but equally sophisticated strategy, based on
partitioning tens and fives and doubling, which is shown in the following example:

15 and 15, that’s 10 and 10 makes 20, and 5 and 5 makes 10 ... 20 and 10 makes
30 ... so for 4 groups, it would be 30 and 30 ... 30, 40, 50, 60 (tapping ten fingers
on table simultaneously with count).

These examples show how children combine their counting and base ten
strategies with the notion of equal grouping. These children can reorganise the
quantities according to the structure that is most efficient for them—that is, they can
work in fives and tens. Tim partitions 15 into 10 and 5; Susie collects the tens and fives
separately and then combines. We would not normally expect children of this age to
represent and calculate 4 x 15. The promotion of multiple counting and base ten
strategies in the first year of schooling enabled these children to apply their knowledge
of counting and partitioning effectively. '

A Learning Framework in Number

Since 1996 the Count Me in Too Project (CMIT) has been implemented in over
1400 schools in NSW, as well as in Tasmania, ACT and New Zealand. The project is a
school-based professional development initiative of the NSW Department of Education
and Training focused on early numeracy. It incorporates a Learning Framework in
Number (LFIN), based on the work of Steffe (1992), Wright (1998) and Mulligan
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(Mulligan & Wright, 2000), which exemplifies five key aspects of arithmetical
development of young children:

e arithmetical strategies such as counting-on,
e number word sequences such as counting forwards and backwards,

e base ten strategies such as using tens and units simultaneously,

arithmetical procedures such as combining and partitioning and patterning, and

early multiplication and division where equal grouping is developed.

Primarily, children are assessed and engaged in numeracy tasks that challenge
their current level of strategy development. A key feature of the LFIN is the
development from a perceptual level where the child relies on counting individual items
to a level where the child can use advanced counting strategies abstractly. Each
successive level shows the child’s cognitive advances as well as new conceptual
understandings. Once basic counting processes are in place the key aspects, grouping
and partitioning, base ten and equal grouping form the core of the framework.

As the focus of the project is the advancement of students’ mathematical solution
strategies, assessment of this growth attempts to show the most advanced strategies a
student can elicit. The comparison of the rates of change of strategy between the initial
and final assessments suggests that the Count Me In Too project has progressed
students’ development of solution strategies from less efficient to more efficient, ahead
of expectations (Gould, 2000). This growth can be seen primarily in terms of the
students’ ability to develop more sophisticated counting and arithmetical strategies
based on a teaching program incorporating efficient counting and patterning. Students
making considerable progress are developing a more effective range of strategies and
stronger number sense.

Implications for Formal Written Algorithms

Effective mental computational strategies, routines and algorithms in the primary
years can be traced to the development of children’s informal and intuitive strategies
and semi-informal methods (Gravemeijer, van Galen, Boswinkel, & van den Heuvel-
Panhuizen, this volume). Problem situations can be modelled to support students’
situation specific solution strategies such as the empty number line. “Models help
students structure their way of working and this lays the basis for flexible routines
later”. Children’s mental strategies should be based then, on the strategies that they are
familiar with, As shown in the examples in this chapter, children can develop a range of
rich strategies for effective mental computation by flexible use, and extension of
strategies they have already developed. ‘

Over thirty years ago, eminent British mathematics educator, Edith Biggs, called
for the review of teaching formal algorithmic processes. “This then is a crucial test of
readiness for practice in written computation with tens and units: the ability to add two
2-digit numbers mentally by an efficient method” (Biggs, quoted in Ewbank 1977, p.
29). Her message requires us to revisit the purpose of learning algorithms. We need to
think beyond the goal of learning written algorithms and focus on critical mental
computation strategies as a goal in themselves. The acquisition of efficient mental
computation strategies can eliminate, or reduce, the need for formal written algorithms.
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Some mathematics educators are now questioning whether formal written algorithmic
procedures may even impede the development of effective mental computation skills
(Boulton—Lewis, 1996, Kamii & Dominick, 1998).

[f children can use efficient mental strategies to add and subtract pairs of two digit
numbers, and multiply and divide two-digit by one-digit numbers then it may be more
appropriate and efficient to use a calculator beyond this point. However, despite the
encouragement to use calculators in this capacity, teachers have not generally replaced
traditional algorithmic procedures with their use. Even if calculators are not
encouraged, effective mental computation strategies can still replace algorithmic
procedures at the early level (see chapters by Stacey, and by Groves, this volume).

Conclusions

In this chapter, children’s development of increasingly sophisticated mental
computation strategies have been described in terms of key aspects of developing
number knowledge: counting and estimation, grouping and partitioning, base ten and
other arithmetical strategies. The fundamental aspects of carly number learning may
appear not to have changed from traditional aspects but they are portrayed in a more
complex and integrated way which encourage the child to construct a rich variety of
arithmetical strategies, number concepts and relationships. Traditionally, young
children in the first year of schooling have engaged in a sequence of learning activities
that match curriculum prescriptions such as rote counting to ten, and learning about
numerals in a lock-step fashion. The assessment of young children’s existing strategies
makes it apparent that many are entering their first year of schooling with abstract
counting skills, some basic number facts and mental computation strategies, and some
base ten and equal grouping skills. This is not necessarily in keeping with traditional
curriculum guidelines or teaching programs.

We need to re-direct our attention to helping children develop the increasingly
effective and fundamental strategies they need in order to acquire secure arithmetical
understanding, knowledge and skills. The mathematics curriculum in the early years of
schooling has already begun to remove boundaries in terms of content and grade level
restrictions. An outcomes-based curriculum (Board of Studies NSW, 2002; Ministry of
Education, Victoria, 1997) means that teachers can promote students to work at their
own level and move beyond traditional syllabus expectations.

Assessing children’s critical mental computation skills will create more
opportunities for developing numerical concepts and strategies traditionally delayed
until later years of schooling. More importantly, children can develop a repertoire of
rich and effective mental strategies that can be used flexibly and reliably in a range of
mathematical situations. The development of mental computation skills will re-focus
attention on children’s potential to use effective mental processes, rather than a
conventional belief that modelling with concrete materials and acquiring procedural
written algorithmic skills will ensure basic numeracy.
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