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Abstract: A numerical study is performed to investigate the effects of adding Carbon Nano Tube (CNT)
and applying a magnetic field in two directions (vertical and horizontal) on the 3D-thermo-capillary
natural convection. The cavity is differentially heated with a free upper surface. Governing equations
are solved using the finite volume method. Results are presented in term of flow structure, temperature
field and rate of heat transfer. In fact, results revealed that the flow structure and heat transfer rate
are considerably affected by the magnitude and the direction of the magnetic field, the presence of
thermocapillary forces and by increasing nanoparticles volume fraction. In opposition, the increase
of the magnetic field magnitude leads to the control the flow causing flow stabilization by merging
vortexes and reducing heat transfer rate.
Keywords: buoyancy thermocapillary convection; magnetic field direction; CNT-water nanofluid;
Marangoni number; flow control.

1. Introduction
Over the last few decades, there has been growing interests on thermocapillary-buoyancy
convection since it occurs in several important applications such as crystal growth, welding and coating.
Nevertheless, the intriguing behavior and instabilities encountered in this type of flow exhibit a challenge
to overcome. Therefore, a sizable amount of studies focused on buoyant thermocapillary convection
instabilities. Gillon and Homsy [1] carried out an experimental study on thermocapillary-buoyancy
convection of silicone oil. They used the PIV (Particle Image Velocimetry) technique to evaluate the
effect of capillary forces on flow structure.
Kanouff and Grieif [2] studied thermocapillary convection oscillations of liquid metals in a square
cavity. They mentioned that, for low Marangoni number the flow structure is characterized by two
symmetrical vortices. Nevertheless, for a larger value of Marangoni of the order of 1200, the flow
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becomes unstable and there are oscillations caused by the surface tension. This bifurcation gives
birth to two opposing motion vortices. Similarly, Chen and Hwu [3] showed that there is a critical
Marangoni number above which the thermocapillary flow undergoes an oscillatory movement with a
frequency of oscillation while the flow is stable for lower values. This critical number of Marangoni that
is responsible for oscillation increases with the increase of Biot number. Semma et al. [4] investigated
the effects of thermocapillary convection on fluid phase instabilities and the horizontally directed
solid-liquid interaction of a low Prandtl fluid. They studied the transitions in a melt bath in the
presence of thermocapillary convection and the interaction with the solidification front. This work
shows that the solid-liquid interface is largely affected when the surface forces dominate over the
volume forces. However, the presence of thermocapillary convection improves the stability of the
flow and delays transitions to the oscillatory regime. Behniat et al. [5] conducted a numerical study
that combines buoyancy convection and thermocapillary convection in a three-dimensional cubic
enclosure with material free surface having a Prandtl number equal to 7. Authors discuss the effects
of Marangoni number sign variation on three-dimensional convection for different Rayleigh number
values. This study proved that for positive values of Ma, the flow structure is monocellular. For higher
values of Ma, the flow becomes more intense. They mention that for positive values of Marangoni,
thermocapillary convection is not so remarkable, whereas for negative values of Marangoni the flow
structure is more interesting and complex. In this case, the authors confirmed that there is an opposition
between the effects of buoyancy convection and the effect of Marangoni. Babu and Korppela [6]
compared the 2D and 3D thermocapillary convection flows and found that for low Ma the behavior
is similar. This statement is in concordance with that of Zebib et al. [7]. Similarly, Ramanan and
Korpela [8] mentioned that the velocity of the free surface is greater for the three-dimensional case than
the two-dimensional one for high Ma, while this is not the case when Ma is low. They also reported
that for low values of Marangoni number, conduction dominates convection and consequently the
temperature is decreasing linearly all along the free surface. However, for larger Ma, convection
dominates, and the temperature gradient is wider near the cold wall.
Therefore, based on the abovementioned studies, it is necessary to have a process to delay
transitions to an oscillatory unsteady state. In this context, many analytical, experimental and
numerical studies have shown that the use of an external magnetic field can control the flow and the heat
transfer. Morthland and Walker [9] studied the effect of a horizontal magnetic field on thermocapillary
convection. They mentioned that due to the generated Lorentz force, the thermocapillary convection
is reduced and becomes localized near the free surface. Rudraiah et al. [10] carried out a study that
shows the effects of magnetic fields parallel to gravity on a flow due to combined buoyancy convection
and thermocapillary convection of a metal liquid. They noticed that the heat transfer is enhanced by
increasing Ma and decreases with Ha. Jiang et al. [11] investigated coupled forced-thermocapillary
convection of Nanofluid flow induced by bubble in minichannel. They focused on the effects of
nanoparticle concentration and diameter on thermal transport and they have found that the local
heat transfer can be controlled by adjusting the nanoparticles’ size and concentration. They also
mentioned that the thermocapillary jet in minichannel can strongly improve the thermal energy
transport near gas bubble. In another work, Jiang and Zhou [12] reported a computational analysis
of heat transfer and entropy generation driven by nanofluids thermocapillary convection around a
bubble in a cavity. They concentrated on the influence of nanoparticles diameter and volumetric
fraction on flow behavior, heat transfer achievement and entropy creation. The obtained results reveal
that the increase of nanoparticles volume fraction enhances the heat transfer rate even the convective
intensity is decreased, and the local entropy generation is reduced. Nevertheless, opposite results
are observed with larger nanoparticles diameter. Buoyancy-thermocapillary driven convection flow
and heat transfer inside 3D differentially heated cavity filled with Al2 O3 nanofluid are carried out
by Kolsi et al. [13]. It was mentioned that the increase of nanoparticles volume fraction leads to an
enhancement of heat transfer as well as the flow intensity regardless the Marangoni number values.
Aminfar et al. [14] conducted a numerical investigation of thermocapillary-buoyancy driven convection
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of nanofluids in a floating zone. In this study, spherical shape Al2 O3 nanoparticles are added to silicone
oil as a base fluid. They indicated that, in the absence of gravity effect, the increase of nanoparticles
concentration leads to the deterioration of thermocapillary convective characteristics. Even in the
presence of gravity, adding Al2 O3 reduces the thermocapillary and buoyancy driven nanofluid Nusselt
number. Abdullah et al. [15] undertake the Marangoni convection stability analysis in a horizontal
nanofluid layer cooled from the top boundary and heated from below. They reported that the steady
state solution across the layer is well approximated by an exponential distribution of nanoparticle
volume fraction and a linear distribution of temperature. Moreover, a new behavior is pointed out
which consequently leads to considerably different stability boundaries from previous predictions.
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Figure 1. (a): Considered configuration with coordinates and (b) the central plan (z = 0.5).
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Table 1. Properties of CNT (Carbon Nanotube) and water [28].
Properties

CNT

H2 O

kg−1

425
2600
6600
1.6 × 10−6
4.8 × 10−7

4179
997.2
0.613
21 × 10−5
0.05

K−1 )

Cp (J
ρ (kg m−3 )
k (W m−1 K−1 )
β (K−1 )
σe (Ω−1 ·m−1 )

2.1. Governing Equations
The time depending governing equations are developed via the potential vector velocity—vorticity
formalism in a 3D configuration. This formalism eliminates the pressure gradient terms, to simplify
the expressions and facilitate the convergence.
The vorticity and the potential velocity vector are:
→

→

→

w0 = ∇ × U 0
and

→

(1)

→

→

U 0 = ∇ × Ψ0

(2)

The governing equations are as follows:
→

→

− w = ∇2 Ψ

(3)

→
→

νn f
βn f
ρ f σn f
→
→
→
→
→
→
→
∂w
+ (U·∇) w = ( w·∇)U +
Pr·∇2 w −
RaPr∇ × θ g +
·
Ha2 ·Pr·∇ × j × e B
νf
βf
ρn f σ f
∂t

(4)

αn f 2
∂T →
+ U·∇T =
∇ θ
αf
∂t

(5)

→

→

→

→

j = − ∇Φ + U × e B
→2

→ →

→

→

(6)
→

∇ Φ = ∇·(U × B ) = − e B ·w

With

→

→

(7)

→

e B = cos(α)· e x + sin(α)· e y

With:
Pr =

νf
αf

, Ra =

g·β f ·∆T·l3
ν f ·α f

(8)
s

, and Ha = B0 L

σf

(9)

ρf νf
→

→

→ → →

To obtain the abovementioned Equations (4)–(7), the variables: t0 , U0 , ψ0 , ω0 , J0 , B0 and Φ0 are
divided by: l2 /α, α/l , α, l2 /α, σ·υ0 ·B0 and l·υ0 ·B0 respectively.


θ = T0 − Tc 0 /(Th0 − Tc 0 )

(10)

The surface tension law at the upper free surface is:
σ = σ0 − γ(T − T0 )

(11)

∂σ
where σ0 is the surface tension at the initial temperature (T0 ) and γ = − ∂T
is the thermal coefficients of
surface tension.
The thermophysical properties of the nanofluid are evaluated as follow:

Processes 2020, 8, 258

5 of 15

Effective density:
ρn f = ϕρn + (1 − ϕ)ρ f

(12)

Specific heat:


ρCp







= ϕ ρCp + (1 − ϕ) ρCp

nf

n

f

(13)

Effective thermal conductivity [29]:
kn f
kf



kn + k f
n
1 − ϕ + 2ϕ knk−k
ln 2k
f
f


=
kf
kn + k f
1 − ϕ + 2ϕ kn −k ln 2k
f

Effective dynamic viscosity:
µn f =

(14)

f

µf

(15)

(1 − ϕ)2.5

Electrical conductivity [26]:




σn


−
1
3·φ·


σf


 
= σ f 1 + 


σn
σn
σ + 2 − φ· σ − 1

σen f

f

(16)

f

It is to be mentioned that the CNT was used because it has a higher thermal conductivity allowing
a better enhancement of heat transfer and its better thermal dispersion and stability in a base fluid
(water) compared to other kinds of nanoparticles [30].
The local and average Nusselt numbers are:
!
kn f ∂T
Nu =
k f ∂x

1Z 1

Z
and Nuav =

Nu · dy · dz
0

x=0,1

(17)

0

2.2. Boundary Conditions
The boundary conditions used to solve the computational domain are:
•

•

Temperature:
θ = 1 at x = 1 and θ = 0 at x = 0

(18)

∂θ
= 0 on adiabatic walls
∂n

(19)

Vorticity:
∂U y
∂Uz
, wz =
at x = 0 and 1
∂x
∂x

(20)

∂Uz
∂Ux
, w y = 0, wz = −
at y = 0 and 1
∂y
∂y

(21)

wx = 0, w y = −
wx =

wx = −
•

∂U y
∂z

, wy =

∂Ux
, wz = 0at z = 0 and 1
∂z

(22)

Potential vector:
∂Ψx
= Ψ y = Ψz = 0 at x = 0 and 1
∂x
Ψx =

∂Ψ y
∂y

= Ψz = 0 at y = 0 and 1

(23)
(24)
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Ψx = Ψ y =
•

∂Ψz
= 0 at z = 0 and 1
∂z

(25)

Velocity:
Ux = U y = Uz = 0on all the walls except the upper surface
U y = 0,

∂U y
∂θ
∂θ
∂Ux
= −Ma
and
= −Ma
at y = 1 (free surface)
∂y
∂x
∂y
∂z

(26)
(27)

Marangoni number is expressed as:
!
∂σ
∆T0
Ma =
0
∂T αn f µn f
•

(28)

Electric potential:
∂φ
= 0 on all walls
∂n

•

(29)

Density of current:
→→

J · n = 0 on all walls

(30)

An in-house numerical code is written using Fortran Language to solve the governing equations.
The discretization is performed via the control volume method. Uniform grids are used with additional
nodes at the boundaries. The central difference scheme and the fully implicit procedure are used to
treat the convective terms and the temporal derivatives, respectively. To facilitate the convergence of
the solution of the nonlinear algebraic equations, the successive relaxation is opted.
3. Grid Independency Test and Code Verification
A grid independency test was performed as presented in Table 2. The tests were carried out for
four grids. The average number was taken as testing parameter. The difference between the grids 813
and 913 is only 0.292%. Thus the grid 813 was retained for all simulations.
Table 2. Grid independency test: Ra = 105 , α = 90◦ , Ha = 50 and ϕ = 0.05.
Grid Size

Nuav

% Increase

Incremental Increase

603
713
813
913

6.2213
6.308
6.37589
6.3945

1.393599
2.48485
2.783984

1.076252
0.291881

Table 3 presents, the verification performed by comparing the calculated values of average Nusselt
number with those of Ozoe and Okada [27], for a horizontal magnetic field. The comparison shows a
good concordance.
Table 3. Average Nusselt number for Ra = 106 , Pr = 0.054, and α = 0◦ : comparison with Ozoe and
Okada [27].

Present code
Ozoe and Okada [27]

Ha = 100

Ha = 200

4.432
4.457

2.851
2.917

4. Results and Discussions
Three-dimensional computational investigation of Magnetohydrodynamic (MHD) thermocapillary
convective flow, based on finite volume method, was performed. A differentially heated cubic cavity
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subject to an external magnetic field and filled with carbon nanotubes-water nanofluid is considered.
The obtained results revealed that the combined effects of induced buoyancy forces and generated
Lorentz forces affected the flow behavior.
In fact, while Lorentz forces reorganize the fluid’s molecular concentrations and retard heat transfer,
buoyancy induced forces play an important role in its enhancement. Moreover, the electromagnetic
forces intensity hinges on the amplitude and magnetic field direction. Indeed, an increasing of
Hartmann number is accompanied with an increase of Lorentz forces strength whereas the increase of
Rayleigh number leads to buoyancy forces enhancement. Furthermore, adding CNT nanoparticles to
the pure water results in convection intensification by dint to their high thermal conductivity. In this
investigation, we focus on the impacts of magnetic field direction, concentration of nanoparticles and
Hartmann number values on thermal energy transfer rate together with the fluid flow structure within
a cubic enclosure. The single phase model was used in numerical simulations and the main findings
are displayed in form of temperature iso-surfaces, flow speed projection, mean Nusselt number and
particles’ trajectories with a variety of parameters including magnetic field direction (α = 0◦ and α
= 90◦ ), CNT nanoparticles volumetric fractions (0 ≤ ϕ ≤ 0.05), Hartmann number (0 ≤ Ha ≤ 100),
Marangoni number (−104 ≤ Ma ≤ 104 ) and Rayleigh number (103 ≤ Ra ≤ 105 ). The flow structure
inside the cubic confined enclosure is depicted by particles’ trajectories and velocity vector projection.
Figure 2 illustrated the path of some particles for pure water and nanofluid with strong concentration
of nanoparticles not subjected to magnetic field, Ra = 105 and different Marangoni number values.
Obviously, the convection currents are thermally dominated due to the absence of magnetic force and
particles rotate in clockwise spirals around the center for pure fluid. In addition, the flow structure is
composed of two co-rotating eddies adjacent to the active walls which are subsequently fused by the
buoyancy forces and the particle trajectories pile up tightly at the cavity center. However, adding CNT
nanoparticles to the base fluid leads to the increase of buoyancy forces and consequently the increase
of vortices size. The paths of particles moved towards the actives sides and disappeared in the cavity
center. Besides, the growing vortex magnitude is plainly noticeable with the flow speed projection at
the
mid-plane
3).REVIEW
Processes
2020, 8, x(Figure
FOR PEER
8 of 16
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mentioned that there is penetration of warm nanofluid from the top right corner towards the free
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sides. Furthermore, the electromagnetic forces are removed by buoyancy-induced forces near to the
Processes
8, 258due to minimization of magnetic induction in this region that leads to a uniform
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Figure 4. Velocity vectors projection on the central plan for Ra = 105, Ha = 100 and ϕ = 0.05: (a) α = 0° and
Figure 4. Velocity vectors projection on the central plan for Ra = 105 , Ha = 100 and ϕ = 0.05: (a) α = 0◦
Ma = 0, (b) α = 0° and Ma = 104, (c) α = 90° and Ma = 104, (d) α = 0° and Ma = −104 and (e) α = 90° and
and Ma = 0, (b) α = 0◦ and Ma = 104 , (c) α = 90◦ and Ma = 104 , (d) α = 0◦ and Ma = −104 and (e) α = 90◦
Ma = −104. 4
and Ma = −10 .

For an inclination angle of 90◦ (Vertical magnetic field), the flow structure consists of two
co-rotating swirls with uniform distribution of particles’ trajectories across the cavity. The Lorentz
forces are found to be enhanced leading to an extension of the magnetic effect to the middle. Owing to
the suppression effect of the magnetic field and when its tilt angle reaches 90◦ , the gravitational and
Lorentz forces become parallel and bicellular flow recurs. In addition, increasing the concentration of
nanoparticles results in reduction of particles paths contour level, which are compact close to the center.
The appearance of the thermocapillary effect near the free surface of the enclosure is always noted,
whether for the positive or negative values of Ma as indicated by Behniat et al. [5]. Furthermore,
when the magnetic field strength is increased (Ha = 100), the buoyancy effect is postponed due to the
intensification of the Lorenz forces. For an inclination angle of 0◦ , the decrease in intensity leads to
the switch of vortices rotation to vertical direction with an expansion of the spiral waves towards the
cavity center. For α = 90◦ , the strength of buoyancy forces increased leading to a horizontal inclination
of vortices. The trajectories of the particles are dense around the center.
For the Marangoni effect on the flow field, it is noted that for Ma = 104 and for an inclination angle
α = 90◦ , the flow is depicted by a single vortex rotating in a horizontal direction relative to gravitational
forces. The same thing was observed for Ma = −104 with a higher intensity at the center of the vortex.
Therefore, it can be concluded that if one aims to incline the direction of the magnetic field it can affect
not only the buoyancy forces but also the thermocapillarity.
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Figure 7 presents the effect of increasing CNT volume fraction on the average Nusselt number
for various Hartman numbers with considering the effect of the orientation of the magnetic field.
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The impacts of the magnetic field direction along with Marangoni number on the mean Nusselt
number for different Ra, ϕ = 0.02 and Ha = 40 are shown on Figure 8. Obtained results reveal that the
rate of heat transfer varies according to the magnetic field inclination particularly at low Rayleigh
number values. Similar results have been observed by Purusothaman et al. [30]. For low values of
Rayleigh number (Ra = 103), the magnetic influence is intensified, and enormous deviations have been
noticed between the base fluid and the nanofluid. However, simulations show that the magnetic field
direction has insignificant impact on the transferred thermal energy for small Rayleigh number.
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the thermocapillary force and contribute in the control of the flow and in the reduction of heat
transfer. The vertical magnetic field is found to be more effective especially for higher Hartman
number values. In opposition to magnetic effect the presence of CNT increases the heat transfer rate
due to the enhancement of the thermophysical properties.
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Nomenclature
→

→

B
Cp

Magnetic field (B0 /B0 )
Specific heat at constant pressure (J/kg K)

E

Dimensionless electric field

→
→

eB
g
Ha
→

J
k
l
Ma
n
Nu
Pr
Ra
t
θ
Tc0
Th0
To
→

V
x, y, z
Greek symbols
α
β
ρ
µ
v
Φ
ϕ
σ
σe
→

Ψ

→

w
∆T

Direction of magnetic field
Gravitational acceleration (m/s2 )
Hartmann number
Dimensionless density of electrical current
Thermal conductivity (W/m K)
Enclosure width
Marangoni number
Unit vector normal to the wall
Local Nusselt number
Prandtl number
Rayleigh number 

Dimensionless time t0 ·α/l2
Dimensionless temperature [(T0 − Tc0 )/(Th0 − Tc0 )]
Cold temperature (K)
Hot temperature (K)
Bulk temperature [To = (T0 c + T0 h )/2] (K)
→

Dimensionless velocity vector V 0 ·l/α
Dimensionless Cartesian coordinates (x0 /l , y0 /l , z0 /l)
magnetic field inclination
Thermal expansion coefficient (1/K)
Density (kg/m3 )
Dynamic viscosity (kg/m s)
Kinematic viscosity (m2 /s)
Dimensionless electrical potential
Nanoparticle volume fraction
Dimensionless Temperature
Surface tension
Electrical conductivity
→ 
Dimensionless vector potential Ψ0 /α


Dimensionless vorticity w0 ·α/l2
Dimensionless temperature difference
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Subscripts
av
c
h
f
n
nf
x, y, z
Superscript
‘
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Average
Cold
Hot
Fluid
Nanoparticle
Nanofluid
Cartesian coordinates
Dimensional variable
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