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Abstract: In this paper, a numerical study is performed to investigate the effect of a periodic
magnetic field on three-dimensional free convection of MWCNT (Mutli-Walled Carbone
Nanotubes)-water/nanofluid. Time-dependent governing equations are solved using the finite
volume method under unsteady magnetic field oriented in the x-direction for various Hartmann
numbers, oscillation periods, and nanoparticle volume fractions. The aggregation effect is considered
in the evaluation of the MWCNT-water/nanofluid thermophysical properties. It is found that
oscillation period, the magnitude of the magnetic field, and adding nanoparticles have an important
effect on heat transfer, temperature field, and flow structure.

Keywords: periodic magnetic field; MWCNT-nanofluid; 3D natural convection; aggregation

1. Introduction

The control of the fluid flow and heat transfer via the magnetic damping effect can be
an optimisation parameter in thermal and engineering systems such as microscope design, healthcare
devices, biomechanics, and so on [1].

Izadi et al. [2] performed a numerical investigation on nanofluid’s free convection inside a porous
medium using the FEM (Finite Element Method). The authors considered the variable magnetic field
and mentioned that, for higher Ra values, the heat transfer reduces considerably owing to the applied
magnetic field. On the basis of the FEM, Hatami et al. [3] analysed the effects of Fe3O4 nanoparticles and
the variable magnetic field on natural convection. They mentioned that, owing to the induced Lorentz
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force, increasing the Hartman number causes a decrease in heat transfer. Hashim et al. [4] focused on
unsteady flow of non-Newtonian Williamson nanofluid under the effect of a variable magnetic field
and observed an enhancement of heat transfer rate with the Schmidt number. Sheikholeslami and
Vajravelu [5] studied the Fe3O4/water flow under constant heat flux using CVFEM (Control Volume
Finite Element Method). They concluded that the Rayleigh number and nanoparticles’ concentration
increase the average temperature.

Sandeep and Animasaun [6] reported a work on the enhancement of heat transfer by adding
nanoparticles. They included magnetic field effects. They compared two nanofluids and found that
heat transfer rate of water-AA7075/nanofluid is significantly higher than that of water-AA072/nanofluid.
Hatami et al. [7] investigated the effects of variable magnetic field on the MHD (Magnetohydrodynamics)
forced convection of Al2O3–water nanofluid. They considered a porous flat plate with nonlinear
stretching. Shah et al. [8] studied the influence of a variable magnetic field on the viscous fluid flow,
heat, and mass transfer using analytical and numerical techniques using the homotopy analysis method.
They observed that pressure and torque on the discs are highly affected by the distance between discs.

Nimmagadda et al. [9] studied the effect of jet impingement uniform on heat transfer of nanofluid
under a non-uniform magnetic field. They found that the enhancement of heat transfer can reach 173%
for a volume fraction of 3%. Nassar et al. [10] applied the magnetic field on thermoelectric cooler (TEC)
to control working conditions at different magnetic field intensities.

Kefayati [11] used the LBM (Lattice Boltzmann method) technique to simulate the natural
convection under sinusoidally varying temperature under a magnetic field. Al-Salem et al. [12]
investigate the mixed convection with a driven lid. They observed an important decrease of that
transfer with the Hartmann number. Bao et al. [13] applied the non-uniform magnetic field to simulate
the heat and mass transfer during evaporation of mixed nitrogen and liquid oxygen. The effects of
magnetic field direction on film boiling nanofluid are studied by Malvandi [14]. He indicated that the
direction is an important parameter on boiling. Nessab et al. [15] conducted work on ferrofluid jet
flow and heat transfer with the presence of a magnetic field. They observed that the heat transfer is
increased with the increase of the (Mn) number and reduces with the opening ratio (R). The effects of
magnetic field are tested for carbon nanotubes suspensions [16], peristaltic flow of Jeffrey fluid [17],
unsteady separated stagnation-point flow [18], and forced convection through semi-annulus [19].
Qin et al. [20] offers a new, simpler approach that, for the first time, makes it possible to continuously
measure the reflectivity of non-touchable surfaces. More details about the subject can be found in the
literature [21–52].

The main purpose of this paper is to test the application of variable magnetic field on heat transfer
and fluid structure in a three-dimensional cavity filled with MWCNT-nanofluid. On the basis of the
authors’ knowledge and wide literature survey, natural convection in MWCNT-nanofluid filled 3D
cavities under periodic magnetic field has not been studied. Thus, the study will help to readers to
understand the mechanism of control of heat transfer via variable magnetic field.

2. Physical Model

The considered configuration with boundary conditions is presented on Figure 1. The flow is
considered as laminar and tow vertical walls are at a constant temperature (Th and Tc). The remaining
walls are considered adiabatic. A periodic external magnetic field is applied along the x-direction.
The cavity is filled with a MWCNT-water nanofluid. The properties of MWCNT and water are
presented in Table 1.
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Figure 1. (a) Three dimensional configuration; (b) z = 0.5 plan with boundary conditions. 
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Figure 1. (a) Three dimensional configuration; (b) z = 0.5 plan with boundary conditions.

2.1. Governing Equations

To simplify the resolution of the governing equations, the 3D vorticity vector potential formalism
was used. In fact, it allows the elimination of the pressure gradient terms.

The vorticity and vector potential are expressed as follows:

→
w
′

=
→

∇ ×
→

U
′

, (1)

and
→

U
′

=
→

∇ ×
→

ψ
′

. (2)

To get the dimensionless governing equations, the variables Φ′,
→

B
′

,
→

J
′

,
→
w,
→

ψ
′

,
→

V
′

and t′, are divided
by l·υ0·B0, B0, σ·υ0·B0, l2/α, α, α/l, and l2/α, respectively, and θ = (T′ − Tc

′)/(Th
′
− Tc

′)

−
→
w = ∇2

→

ψ, (3)
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∂
→
w
∂t + (

→

U·∇)
→
w = (

→
w·∇)

→

U +
νn f
ν f

Pr·∇2→w −
βn f
β f

RaPr∇× θ
→
g

+
ρ f
ρn f
·
σn f
σ f

Ha2
·Pr·∇ ×

(
→

j ×
→
e B

) (4)

∂θ
∂t

+
→

U·∇θ =
αn f

α f
∇

2θ, (5)

→

j = −
→

∇Φ +
→

U ×
→
e B, (6)

→

∇

2
Φ =

→

∇·(
→

U ×
→

B) = −
→
e B·
→
w, (7)

with
→

B = B0

(
1 + A sin

(
2πt
τp

))
, (8)

with

Pr =
ν f

α f
, Ra =

g·β f ·∆T·l3

ν f ·α f
, and Ha = B0l

√
σ f

ρ f ν f
. (9)

The effective thermophysical properties are evaluated using the following expressions:

- Density:
ρn f = ρ f (1−ϕ) + ρsϕ. (10)

- Heat capacitance: (
ρCp

)
n f

= ϕ
(
ρCp

)
s
+ (1−ϕ)

(
ρCp

)
f
. (11)

- Dynamic viscosity:

Taking into account the fractal shape of aggregates [25], the modified nanoparticle volume fraction
(volume fraction of the aggregates in water), φag, is expressed as follows:

φag = φ

(
ra

rp

)3−D

, (12)

where

• ra is the radii of the aggregates;
• rp is the radii of the primary solid particles;
• D is the fractal index depending on shear flow condition and type, size, and shape of the aggregates.

Thus, based on the Maron and Pierce model [26] and the expression of the modified volume
fraction, the effective viscosity of the MWCNT-nanofluid can be expressed as follows:

µn f

µ f
=

1−
φ
(

ra
rp

)3−D

φm


−2

. (13)

On the basis of the experimental work of Halelfadl et al. [27] for MWCNT with lp = 1.5 µm and
dp = 9.2 nm, it was determined that D = 2.1, φm = 0.0361, and ra/rp = 4.41.

- Thermal conductivity (Xue-model):

On the basis of Nan’s model [28] and taking into account the aggregates effect, the effective
thermal conductivity of MWCNT is calculated using the following expressions:
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λn f
λ f

=
3+φint(β11−β33)

3−φβ11
,

β11 =
λ11−λ f

λ f +0.5(λs−λ f )
, β33 = λ33

λ f
− 1, λ11 = λs

1+
2ak
dp

λs
λ f

, λ33 = − λs

1+
2ak
lp

λs
λ f

, ak = Rk·λ f
(14)

where

• λ11 is the transverse thermal conductivity;
• λ33 is the longitudinal thermal conductivity;
• dp is the nanoparticle diameter;
• lp is the nanoparticle length;
• ak is the Kapitza radius;
• Rk is the Kapitza resistance (fixed at 8.83 × 10−8m2 K/W);

• φint =
φ
φag

is volume fraction of the MWCNT in the aggregate.

- electrical conductivity:

σn f = σ f

1 +
3·ϕ·

(
σs
σ f
− 1

)
(
σs
σ f

+ 2
)
−ϕ·

(
σs
σ f
− 1

)
 (15)

The local and average Nusselt numbers are evaluated using the following:

Nu =

(
λn f

λ f

)
∂θ
∂x

∣∣∣∣∣∣
x=0

and Nuav =

1∫
0

1∫
0

Nu·dy·dz (16)

As the applied magnetic field in this study is periodic, it is expected that Nuav will be periodic;
thus, a time averaged Nusselt number (Nut

av) is defined as follows:

Nut
av =

t+τp∫
t

Nut
av·dt. (17)

The solution is considered satisfactory if Equation (18) is satisfied in each time:

1,2,3∑
i

max
∣∣∣ψm

i −ψ
m−1
i

∣∣∣
max

∣∣∣ψm
i

∣∣∣ + max
∣∣∣Tm

i − Tm−1
i

∣∣∣ ≤ 10−5. (18)

2.2. Boundary Conditions

The boundary conditions for the present problem are given as follows:
Temperature:
θ = 0 on the right wall, and θ = 1 on the left wall.
∂θ
∂n = 0 on the remaining walls.

Vorticity:

wy = −∂Uz
∂x , wx = 0, wz =

∂Uy
∂x at x = 0 and 1.

wx = ∂Uz
∂y , wy = 0, wz =

∂Ux
∂y at y = 0 and 1.

wx = −
∂Uy
∂z , wy = ∂Ux

∂z , wz = 0 at z = 0 and 1.

Vector potential:
∂ψx
∂x = ψy = ψz = 0 at x = 0 and 1.
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ψx =
∂ψy
∂y = ψz = 0 at y = 0 and 1.

ψx = ψy =
∂ψz
∂z = 0 at z = 0 and 1.

Velocity:

Ux = Uy = Uz = 0 on all walls.

Electric potential:
∂Φ
∂n = 0 on all walls.

Current density:
→

J ·
→
n = 0 on all walls.

Table 1. Properties of water and MWCNT nanoparticles.

Property Water MWCNT

Cp (kJ/kg·K) 4.179 0.796
ρ (kg/m3) 997.1 1600
λ (kW/m·K) 0.613 × 10−3 3
β (K−1) 21 × 10−5 4.2 × 10−5

σ · (Ω−1
·m−1) 5 × 10−2 4.8 × 10−7

µ (Pa·s) 0.85 × 10−3 -

3. Solution Procedure, Grid Sensitivity Test, and Validation

The central-difference scheme based control volume method is used to discretize Governing
Equations (4)–(8). The fully implicit procedure and central-difference scheme are used to treat the
temporal derivatives and the convective terms, respectively.

The grid independency test was performed for Ha = 50, ϕ = 0.05, and τp = 1. The tests were
conducted for different grids. The time averaged Nusselt number was the sensitive parameter.
The incremental increase between the grid 81 × 81 × 81 and 91 × 91 × 91 is only 0.333% (Table 2).
For solution accuracy and time economy, a spatial mesh size of 81 × 81 × 81 is retained to perform all
the simulations.

Table 2. Grid independency test.

Grid Nut
av Increase (%) Incremental Increase

61 × 61 × 61 6.0251 - -
71 × 71 × 71 6.04579 0.34339679 -
81 × 81 × 81 6.10967 1.39999981 1.05660302
91 × 91 × 91 6.13002 1.73307836 0.33307855

The verification of the present code is firstly performed by comparing with results Okada and
Ozoe [29], who proposed an experimental correlation (Equation (19)) allowing the evaluation of the
Nusselt number as function of the Hartman and Grashof numbers for the case of gallium filled cubical
cavity. Figure 2 shows an excellent concordance with the results of Okada and Ozoe [29].

NuB − 1
Nu0 − 1

= 1−
[
1 +

(
0.57·Gr1/3/Ha

)3.19
]−1/1.76

(19)
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4. Results and Discussion

A finite volume based computational work was performed to investigate the three-dimensional
natural convection of MWCNT-water/nanofluid filled cavity under variable magnetic field.
While adding MWCNT particles enhances the heat transfer owing to high effective thermal conductivity,
the application of a magnetic field opposes this enhancement. Thus, the simultaneous influence of
a variable magnetic field and adding nanoparticles on the 3D flow and heat transfer is investigated.

The periodic magnetic field is considered along the x-direction. The Rayleigh number is fixed at
Ra = 105 and the amplitude (A) is fixed at 0.5, so that the magnitude of the magnetic field oscillates
between 0.5B0 and 1.5B0. Owing to the relatively low considered volume fractions, the single phase
model is adopted. The ranges of Hartman number, MWCNT volume fraction, and oscillation period
are (0 ≤ Ha ≤ 100), (0 ≤ ϕ ≤ 0.05), and (0.01 ≤ τp ≤ 10), respectively.

In absence of a magnetic forces, the flow structure and temperature field are presented in Figure 4.
The flow structure is shown via some particle trajectories. Forϕ = 0 (pure water), two central clockwise
vortices characterize the flow structure. Adding MWCNT particles was found to enhance the buoyancy
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forces and to increase the size of the vortices. The particle paths are shifted towards the isothermal
walls and the vortices become adjacent to these walls.

It is to be noted that the maximum of the velocity magnitude is lowered by adding nanoparticles
owing to the inter-particular friction caused by the increase of the viscosity. The maximal values of the
magnitude of the velocity are located near to the active walls because of the important gradients of
temperatures in these regions.

Figure 4c presents the temperature field for Ha = 0. The iso-surfaces of temperature are vertically
stratified at the core region and distorted near of the active walls. This phenomenon becomes more
pronounced by adding the MWCNT nanoparticles with an increase of the temperature gradient.
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Figure 5 presents the 3D pathlines and velocity magnitude at different times of the oscillation
period for Ha = 50 and τp = 1. The results for pure water are presented on the left side and those
of MWCNT-water nanofluid with ϕ = 0.05 are presented on the right. The interaction between the
magnetic field and the fluid motion generates a Lorentz force that opposes the buoyancy forces, causing
the damping effect. This damping is more important near the active walls, except near the corners.
In fact, because of the electric insulation of the walls, the electric current is redirected, and thus the
Lorentz force vanishes in these regions. In addition, a merging phenomenon occurs and the pathlines
become characterized by only one clockwise vortex.
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The lateral flow (near of the walls) is also affected by the applied magnetic field and the longitudinal
flow becomes less pronounced owing to the reduction of the 3D character (MHD bi-dimensionalization).
The structure and the intensity of the flow change slightly during the oscillation period. In fact, the size
and the shape of the vortexes change periodically with the time.

Figure 6 shows the velocity vectors projection at z = 0.5 plan for ϕ = 0.05, Ha = 25, and A = 0.5 at
different times and different oscillation periods. Owing to the magnetic effect, there is a change from
a roll structure to a square structure; this conclusion was also mentioned by Al-Najem et al. [31]. It is
seen that, for all chosen oscillation periods, the main flow structure changes periodically with time.
In fact, vortexes’ merging and division occur during the period for all considered τp values. Thus,
owing to the periodic magnitude of the magnetic field, the flow structure oscillates between one and
two central vortexes. In addition to the number of vortexes, their shape also changes with time.

As presented in Figure 7, for higher Hartman numbers (Ha = 100), the merging-division
phenomenon persists, but with a flow structure having a slope that approaches the vertical. The flows
near the active walls are more attenuated owing to the magnetic damping. This result is also recalled
by Ozoe and Okada [29], by mentioning that the induced Lorentz force opposes the flow perpendicular
to the direction of the magnetic field. In fact, compared with the Ha = 25 case, in which the maximum
values of velocity magnitude are near of the active walls, for Ha = 100, the maximums become near
to the top and bottom walls. In opposition with all other τp values, for τp = 0.01 when the merging
occurs at t =

τp
2 , the central symmetry disappears, in fact, the vortex is located in the highest region of

the enclosure.
Figure 8 presents a sequence of the temperature field for different Hartmann numbers. The vertical

stratification described in Figure 4 is reduced by applying the magnetic (Ha = 50) and, for high values
of Hartman number (Ha = 100), the stratification disappears completely. Owing to the suppression
of the convective forces opposed by the Lorentz force, the temperature field becomes similar to the
conductive regime with an important decrease of the temperature gradients near to the active walls.
This conclusion is confirmed by the experimental work of Xu et al. [32]. Owing to their high thermal
conductivity, the addition of MWCNT nanoparticles opposes the heat transfer diminution caused by the
presence of the magnetic field. Thus, the reduction of the vertical stratification is less pronounced for
the case of MWCNT-water compared with pure water. Similarly to the flow structure, the temperature
field also changes during the period. For a better understanding of this change, the isotherms at the
central plan (Figure 9) for τp = 1, ϕ = 0.05, and A = 0.5.

From this figure, it is seen that isotherms are clearly modified with time, especially at the core
of the cavity. In fact, near of the active walls, the isotherms are almost similar during the period
and different at the core region. It is to be noted that these changes are more pronounced for higher
Hartman values owing to the increase of the extremum of the magnitude of the magnetic field.
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Figure 10 illustrates the effect of adding nanoparticles on isotherms at the central plan for τp= 0.1
and A = 0.5 (flood (ϕ = 0.05) and line (ϕ = 0)). As seen from the figure, that addition of nanoparticle to
base fluid has an important effect on temperature distribution. Isotherms become steeper with the
increasing Ha number. This means that heat transfer turns to conduction mode. As mentioned above,
the isotherms’ structure varies during the period, especially in the central zones for all Hartman values
and nanoparticles concentrations.

Figure 11 presents the effect of the time-periodic magnetic field magnitude on the average Nusselt
number at a certain value of Hartman numbers and nanoparticles volume fraction. As the magnetic
field is periodic, it is obvious that the results show the fluctuation in amplitude of the average Nusselt
number around a certain value. By decreasing the oscillation period (τp), the fluctuation decreases,
especially for high Hartman values (Figure 11), but it does not become zero. It is to be noted that
the average value around which the Nusselt number fluctuates decreases by increasing τp; this is
an interesting result when the purpose is to reduce the heat transfer. Obviously, the effects of the
applied magnetic field and adding nanoparticles are opposite. In fact, the Nusselt number decreases
with Ha and increases with ϕ.
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Figure 12 illustrates the effect of nanoparticles volume fraction on the time-averaged Nusselt
number (Nut

av) for different Ha and τp. Firstly, it is noted that the effect of τp on (Nut
av) is very limited.

The applied magnetic field reduces the heat transfer for all values of τp and Ha. In opposition, owing
to the higher thermal conductivity, increasing nanoparticles volume fraction enhances considerably
the heat transfer.Processes 2020, 6, x FOR PEER REVIEW  17 of 21 
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5. Conclusions

A computational work was conducted on heat transfer and fluid flow inside a three-dimensional
closed space under a variable magnetic field. The main findings are as follows:

• The addition of MWCNT particles enhances the convective heat transfer, increases the vortices’
sizes, and promotes the vertical stratification of the temperature field.

• Lower heat transfer is observed with the increasing Hartmann number and the variation of heat
transfer is almost smooth. In other words, oscillation of heat transfer becomes very weak.

• For the same Hartmann number, higher heat transfer and lower amplitude are formed at a higher
nanoparticle volume fraction.
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wrote the paper.
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Nomenclature
→

B Magnetic field (=
→

B
′

/B0)
Be Bejan number
Cp Specific heat at constant pressure (J/kg·K)
→

E Dimensionless electric field
→
e B Direction of magnetic field
g Gravitational acceleration (m/s2)
→

J Dimensionless density of electrical current

k Thermal conductivity (W/m.K)
l Enclosure width
n Unit vector normal to the wall
Ns Dimensionless local generated entropy
Nu Local Nusselt number
Pr Prandtl number
Ra Rayleigh number
t Dimensionless time (t′·α/l2)
T Dimensionless temperature [(T′ − T′c)/(T′h − T′c)]
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T′c Cold temperature (K)
T′h Hot temperature (K)
To Bulk temperature [To = (T′c + T′h)/2]
→

V Dimensionless velocity vector (
→

V
′

·l/α)
x, y, z Dimensionless Cartesian coordinates (x′/l, y′/l, z′/l)
Greek
symbols
α Thermal diffusivity (m2/s)
β Thermal expansion coefficient (1/K)
ρ Density (kg/m3)
µ Dynamic viscosity (kg/m.s)
ν Kinematic viscosity (m2/s)
Φ Dimensionless electrical potential
ϕ Nanoparticle volume fraction
σ Electrical conductivity
→

ψ Dimensionless vector potential (
→

ψ
′

/α)
→
w Dimensionless vorticity (

→
w
′

·α/l2)
∆T Dimensionless temperature difference
Subscripts
av Average
c Cold
h Hot
fr Friction
f Fluid
n Normal
nf Nanofluid
s Solid (nanoparticle)
x, y, z Cartesian coordinates
Superscript
′ Dimensional variable
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