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ABSTRACT

Although it can be time consuming and computationally more expensive to
work with multivariate data, it is ofter; desirable to exploit the relationships among
and between the variables sampled across a study region. In most cases the
availability of this secondary information can enhance the estimation of the primary
variable(s). The aim of this research is to describe and then demonstrate the use of
multivariate statistical methods in geostatistical analysis. The methods will be
illustrated by application to a multivariate data set from an actual mineralisation. The
data suite is known as MM22D and comes from the Murrin Murrin nickel mine near
Laverton in Western Australia. Two four variable subsets of the MM22D data suite
are used in the application. The first is MM22DHC4 and consists of nickel, cobalt,
iron and zinec, chosen for their high correlations with each other. The second is
MM22DTQP4 and consists of nickel, cobalt, magnesium and iron, chosen for their

economic importance to the mining company.

This thesis presents the theory and the process of the modelling and
estimation of multivariate data, We demonstrate the use of principal component
analysis in a geostatistical environment, in particular for the detection of intrinsic
correlation, We illustrate the modelling and estimation of an intrinsically correlated
data set (MM22DHC4) and estimate the variables in this data set using ordinary
cokriging, principal component kriging and ordinary kriging. In addition we illustrate
the derivation of a general linear model of coregionalisation and estimate the
variables of this data set (MM22DTOP4) using ordinary cokriging and ordinary
kriging. The grade control data from the MM22D data suite, which were considered
reality, were used as a comparison and assessment of the accuracy of all of the
estimates. As the data used in this study were isotopic it was anticipated that there

would be little difference in the estimates obtained which was indeed the case.
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1 INTRODUCTION

1.1  Background and Significance

Geostatistics enables us to analyse spatially dependent data, that is, data
where location as well as value is important. Such data arise naturally in the carth,
mining, petroleum and environmental sciences. Geostatistics can be described as a
set of statistical tools that allow us to describe, interpret and model the spatial
continuity that is a fundamental feature of many natural phenomena. Furthermore
once we have a mathematical representation of the spatial continuity of the data we
can use this model to estimate values at unsampled locations across the study region.
Geostatistical methods generally provide better estimates than traditional methods

and most importantly provide us with a measure of the accuracy of the estimates.

This rapidly advancing area of applied mathematics has its origins in the
mining industry in South Africa in the 1950’s. Mining engineer D. G. Krige and
statistician H. 8. Sichel were among the first to implement new statistical methods
that did not rely on traditional methods based on normally distributed data. In the
1960's G. Matheron further developed and formalised these innovative ideas and
introduced the concept of a regionalised variable which he defined as a spatially
distributed phenomenon that exhibits a particular spatial structure consisting of both

random and structured aspects (Matheron, 1970, p. 5).

It is often the case that data collection in the earth sciences consists of
observations of many variables, some more densely sampled than others. While it is
more cumbersome and computationally more expensive to work with multivariate
data the availability of auxiliary information can enhance the interpretation and
estimation of a primary variable. Multivariate geostatistics takes into account the
relationships between and among the variables as well as incorporating their spatial
distribution across a region. The relationships beiween these variables can be

identified and summarised using methods of multivariate statistical analysis.



One classical, and probabiy the most commonly used, multivariate statistical
technique is principal component analysis which dates back to the early 1900’s, in
particular to the work of Pearson (1901) and Hotelling (1933). Principal component
analysis involves the construction of linear combinations of correlated variables into
(preferably) fewer uncorrelated factors that account for the majority of the variation
in the original data (Afifi & Clarke, 1996, pp. 330-331). More specifically, principal
component analysis is concerned with explaining the variance—covariance structure
of a set of variables by means of a few linear combinations of these variables
(Johnson & Wichern, 2002, p. 426).

From a geostatistical perspective principal component analysis is a
particularly valuable tool as it can be used for reducing the number of variables in a
data set and for the detection of intrinsic correlation. One of the benefits of reducing
the number of variables in a multivariate data set is the practical advantage of
modelling fewer semivariograms. Furthermore, if the orthogonality of the principal
components extends to any separation vector h we may proceed with an intrinsic
coregionalisation model. Under this assumption we may perform classical kriging
individually on the principal components. This technique is known as principal
component kriging and is computationally less expensive than other methods such as
cokriging (Goovaerts, 1997, pp. 233-234).

When the data are not intrinsically correlated we must consider not only the
spatial variability of the individual variables but we must also take into account the
joint variability of each pair of variables, The linear model of coregionalisation is a
mathematical model that characterises the spatial variation of a multivariate system
at different spatial scales. The requirement of a linear model of coregionalisation is
that all direct and cross semivariograms or covariances are jointly modelled and
share a common set of basic structures. This then calls for the inference and
modelling of N/N,+1)/2 direct and cross semivariograms. While this can be a
tedious procedure the problem lies in whether the model fits adequately in the
mathematical sense (Goulard & Voltz, 1992, p. 269), more precisely the
coregionalisation matrices need to exhibit positive semi-definiteness in order for the

model to be permissible.



1.2  Objectives

The aim of this study was to describe and demonstrate the use of multivariate
statistical techniques in geostatistical analysis, The theory of principal component
analysis in a traditional multivariate statistical environment and the use of this
technique as it applies to geostatistics are presented. We examine also the theory of
the general form of the linear model of coregionalisation as well a particular case
known as the intrinsic coregionalisation model. In addition we discuss the theory of
the estimation techniques to be used, that is, ordinary kriging, ordinary cokriging and

principal component kriging.

For the application of the theory we had four main objectives, Firstly we
aimed to exhibit the use of principal component analysis in a geostatistical
environment, namely to determine whether the data were intrinsically correlated.
Secondly we wished to show examples of both the intrinsic coregionalisation model
and the linear model of coregionalisation. Thirdly we aimed to demonstrate the
estimation techniques of principal component kriging and ordinary cokriging. Finally
we wished to include a comparison of these multivariate techniques to the univariate

estimation method of ordinary kriging as well as with ‘reality’.

To demonstrate these objectives we analysed a mineralisation (MM?22D),
which comprises three dimensional grade and thickness measurements on eight
variables: nickel, cobalt, magnesium, iron, aluminium, chromium, zinc and
manganese. These data came from the Murrin Murrin nickel mine near Laverton in
Western Australia. This data suite consists of two data sets: a grade control data set
MM22DGC and an expioration data set MM22DEXP, The set MM22DGC
comprises grade accumulations for each of the eight variables and will be considered
reality for assessment and comparative purposes. The set MM22DEXP is a subset of
MM22DGC and will be used to perform the analysis. This data set is isotopic and
comprises accumulations for each of the eight variables jointly sampled at 125

locations.

As the data were measured on different scales and have vastly different
ranges, means and variances we used the standardised values for the majority of the
analyses. Initially we performed a principal component analysis on the MM22DEXP

data set and determined that the data were not intrinsically cosrelated. We then



investigated two four variable subsets of MM22DEXP, denoted as MM22DHC4 and
MM22DTOP4. The former subset was intrinsically correlated; hence we used an
intrinsic coregionalisation model and preformed the estimation using ordinary
cokriging. In addition we individually modelled the principal components from this
subset and performed the estimation using principal component kriging. For the latter
subset the variables were not intrinsically correlated hence we used a linear model of
coregionalisation and performed the estimation using ordinary cokriging. The
estimates were then compared to the grade control data, MM22DGC, and the

estimates obtained from ordinary kriging.

1.3  Thesis outline

Chapter two of this thesis discusses the theoretical framework relevant to this
study. This includes principal component analysis from both classical and
geostatistical perspectives, the multivariate random function model and the various
methods of kriging, namely ordinary kriging, ordinary cokriging and principal
component kriging. Chapter three presents a detailed exploratory data analysis of the
MM22D data suite. In chapter four we demonstrate the application of ordinary
cokriging using both the MM22DHC4 and MM22DTOP4 data sets. Chapter five
presents the application of principal component kriging using the principal
components extracted in the eigenanalysis of MM22DHC4. Chapter six presents
ordinary kriging of the nickel, cobalt, magnesium, iron and zinc variables. Chapter
seven presents a comparson of the estimation techniques used and chapter eight

presents a discussion and conclusions of the research.

1.4  Software

There are various software packages available to assist in geostatistical
analysis. My study has used primarily the packages listed below. It ts appropriate at
this point to mention one package in particular, ISATIS, which is recognised as an
industry standard. While ISATIS a relatively new package in the workplace, we are

in the fortunate position of having it available at this university.
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I have taken this opportunity to familiarise myself with the capabilities of
ISATIS, to the point where I would now be considered proficient in implementing
this package in the workplace. ISATIS offers the geostatistician analytical features
and capabilities not previously available. Some of these features include
simultaneous modelling of direct and cross semivariograms, sequential cokriging of
numerous variables, alternative measures of spatial variability and alternative kriging

methods.
3PLOT (Kanevski et al, 1998): post plots of data and estimates
ISATIS (Bleines et al, 2000): estimation
MATLAB 5.3 (1999): matrix manipulation and calculation

MICROSOFT EXCEL (2002): graphical representation of data;

spreadsheet calculations
MINITAB 12.1 (1998): summary statistics, principal component analysis,
residual anal ysis

VARIOWIN 2.2 (Pannatier, 1996): semivariograrﬁ inference and modelling

1.5 Notation

The notation used throughout this study is a combination of that used by
Goovaerts (1997), Wackemnagel (1998b) and Johnson und Wichern (2002).

v for all

study region

a: range parameter

B, coefficient of the basic covariance model ¢;(h) or semivariogram
mode] g(u) in the linear model of regionalisation of the random
vartable Z(u)

b{;: coefficient of the basic covariance model c;(h} or semivariogram
model g/u} in the linear model of coregionalisation of the random
variables Zi(u) and Zx{u)

B coregionalisation matrix including the coefficients b[j of the basic

11



()R
C(h):

C(h):
C,](h)l

Cov{):
cith):
E{-}:

I'th):
gih):

y(h):

¥(h)

Aglur):

Ayiu):

m.

miu):

n:

covariance model ¢fdh) or semivariogram mode] gf{h) in the

L
corresponding linear model of coregionalisation C(h) = EB,cf(h)
1=

1A
or T(h) = )'B,g,(h)
i=0

covariance value at separation distance| h| =0
stationary covariance of the random fuaction Zfor lag vector h

covariance function matrix of size N, x N,

stationary cross covartance between the two random functions &
and Z for a lag vector h

covariance

Ith basic covariance model in the linear madel of (co)regionalisation
expected value

is an element of

semivariogram function matrix of size N, x N,

fth  basic semivariogram model in the linear model of
(co)regionalisation

stationary semivariogram of the random function £ for lag vector

h

stationary cross semivariogram between the two random functions

Zand Z foralag vectorh

separation vector

kriging weight associaied to z—datum at location ug for estimation
of the attribute z at location u

cokriging weight associated to z-datum at location u, for estimation
of the attribute z at location u

stationary mean of the random function Z(u)

vector of stationary means

expected value of the random variable Z{u)

number of variables Z;

number of data valucs available over the study region A

12



a(u):

n{u):

Y (u):

VALLDE
Z

zZ:

z{u):
Z(ug):

zi{ug):

number of data values z(ug) used for estimation of the attribute z at
location

number of data values z,{uy) used for estimation of the attribute z at
location u

matrix of eigenvectors extracted in the principal component analysis
linear correlation coefficient between variables Z; and Z;

coordinate vector

datum location

variance

kth regionalised factor corresponding to the (f+1) basic covariance
L

model in the linear model of coregionalisation C,(h) = Y blc,(h)
=0

generic continuous random variable at location u

univariate random variable valued function
multivariate random variable valued function

continuous variable (attribute)
true value at unsampled location u
z-datum value ai location ug

zi-datum value at location ug

1.6  Acronyms and Abbreviations

The following is a list of acronyms and abbreviations used in the Figures and

Tables throughout this thesis.

AL:
CO:
CR:

ICM:
LMC:
MAE;

aluminium

cobalt

chromium

iron

intrinsic coregionalisation model
linear model of corcgionalisation

mean absolute error

13



MG:

MSE:
NIL
OCK:
OK:
PC:
PCK:

PCK2:

ZN:

magnesium

manganese

mean Square error

nickel

ordinary cokriging

ordinary kriging

principal component

principal compoenent Kriging

principal compenent kriging (two retained principal components)

Zing

14



2 THEORETICAL FRAMEWORK

'a this chapter we discuss the theory of principal component analysis from
both classical and geostatistical perspectives. We then introduce the multivariate
random function medel and the linear mode! of coregionalisation. Finally we discuss
the various kriging algorithms employed in this study: ordinary kriging, ordinary
cokriging and principal component kriging, The development of the theory and the
notation used follows that of Goovaerts (1997), Lay (1997) and Wackernagel
(1998a).

2.1 Principal Component Analysis

Almost any kind of data collection in the earth sciences involves

simultaneous measurements on many variables. Suppose that we are dealing with N,

variables, that is &, dimensional data, measured at n locations u in the region A

While multivariate geostatistics gives us the tools to incorporate this additional
information, in practice one seldom considers coregionalisations of N, greater than
three. The reasons for this include notational and computational complexity and
difficulties of statistical inference and modelling of the cross covariance or cross
semivariograms (Journel & Huijbregts, 1978, p. 173). It is often desirable to exploit
the interrelationships among and between the N, variables by representing them

through a few linear combinations of these variables.

Onc multivariate technique used to achieve this is known as principal
component analysis. This is one of the most commonly used methods of multivariate
analysis. It is simple to implement and interpretation of the results is often
straightforward. In its simplest form a principal component analysis consists of
defining a linear transformation that maps a set of N, correlated variables into N,
uncorrelated principal components {Wackemagel, 1998a, p. 127). From a purely

mathematical perspective Johnson and Wichern (2002, p. 426) describe a principal

15



componen! analysis as a means of explaining the variance—covariance structure of a

set of variables by means of a few linear combinations of these variables.

Each principal component is a linear combination of the original variables
andg the amount of information conveyed by each principal component is measured
by its variance (Afifi & Clarke, 1996, p. 330). The principal components are
arranged in order of decreasing variance, thus the first principal component is the
most informative and the least informative is the Iast principal component. One can
then choose to retain only the first few principal components that account for the
majority of the variability of the original data, making the subsequent analysis
simpler. A principal component analysis can also be used to test for normality of the
data; if a selected principal component is not normal then neither are the original
data. Other classical uses of principal component analysis are to identify outliers and
reveal relationships among and between variables that may not have previously been
identificd. One of the most important geostatistical applications of principal
component analysis s to detect intrinsic correlation. This is done by examining the
cross correlograms or cross semivariograms of the first few principal components

and will be discussed further in section 2.3, Modelling the Coregionalisation.

The basic features of a principal component analysis consist of the extraction
of the eigenvalues and cigenvectors of a square, symmetric covariance or correfation
mairix. Principal component analysis does not require multivariate normality though
the interpretation and application are enhanced when this condition is met.
Algebraically the principal components are specific linear combinations of the
random variables Zi{u) for { = 1, .., N,. Geometrically the linear combinations
represent the choice of a new coordinate system by rotating the original system with

Z(u} as the coordinate axes (Johnson & Wichern, 2002, pp. 426-427).

If the variables have widely differing ranges, if they are measwred on
differing scales or if the units of measurement are not consistent, it is advisable to
standardise the variables. A principal component analysis performed on the
covariance matrix can be severely affected by large or inconsistent variances. Hence
by standardising the original data {or equivalently using the correlation matrix as
opposed to the covariance matrix) we ensure that the assigning of the weights in a

principal component analysis is not influenced by variables with large variances. It is

16



important to note that all interpretations of a principal component analysis based on

the correlation matrix must be in terms of the standardised variables.

Let R be the correlation matrix of the N, random variables Z{(u) fori =1, ...,

N,. The spectral decomposition of the N, X N, symnetric matrix R is given by
R=Aee +Ae,e; +..+ Ay e, € ¢8)
where 2.1,;'.2,...,;'.”' are the eigenvalues of R and €,€,,..,8, are the associated
normalised eigenvectors with e/e,= 1,7 =1, .., N, and ¢[e, =0 when / # j. In matrix
notation the spectral decomposition of R then is
R=QAQ’ 2)
where Q is the orlhogonal matrix whose columns are the corresponding unit
eigenvectors e),e,,....e, (note QQ" = I) and A is the diagonal matrix [A;] of
eigenvalues of R for k = 1, ..., N, such thatd 24, =... zANv. This orthogonal change

of variables does not change the total variance of the data. Furthermore the
eigenvalues determined in the spectral decomposition are the variances of the

principal components.

The first principal component then is the eigenvector corresponding to the
largest eigenvalue of R, the second principal component is the eigenvector
corresponding to the second largest eigenvalue of R and so on. The kth principal

component is given by a linear combination of the set of N, original variables;
Yi(w) = eg Z(u) = gix Zi(u) + go Zp(w) + ... + g, Z,, (W) fork=1,...,N,.

The set of ail N, principal components are linear combinations of the set of N,

original variables:

Y, {u)= 2%; (u) 3)

for k = 1, .., N,. In matrix notation, ¥(u)=Q"Z(u) and has variance matrix
Q*RQ = A. The total variance of Yy(u), k= 1, ..., N,, is equal to the total variance of

Ziu), i =1, .., N,, and is given by tr(R)=tr(A)=A; + A, + ... + A, =N,. Hence the

variance of Yy(u) is A, and the fraction of the total variance that is explained by ¥i(u)

is measured by Ay tr(R).

17



The set of N, principal component scores is computed at each datum location

vy in A for o =1, ..., n as linear combinations of the standardised sample values

zZi(uy) at that location multiplied by the loading of variable Z;(u) or the kth principal

component Yi(u)

N" —_ .
Yl = Eq(-“"UJJ @)
i=]

fork =1, ..., N, with m; and &; being the mean and standard deviation respectively of

the z;(u) data and gy; obtained from the matrix of eigenvectors Q in equation (2).

2.2 Multivariate Random Function Model

One of the fundamental aims of geostatistics is to characterise the behaviour
of the population of a sampled attribute over a study region .A. In order to do this we
are required to model the statistical characteristics of the population using only the

available sample data. In essence geostatistics uses a probabilistic approach to mode!

the uncertainty about how the attribute behaves between the sample locations.

Consider a set of n sample data values denoted by z(ug), where o=1, ..., n.
These observations may be considered as a subset of a larger, possibly infinite,
collection of observations. The value z(up) can be thought of as one possible
realisation of a random variable Z{ug). Similarly the value z(u) at an unsampled

location can be thought of as a particular realisation of the random variable Z(u) for

each location u in the region 4. The characterisation of a random variable Z(u) is

determined completely by the cumulative distribution function, that is
Fu; z)=Prob{Z{u)=z} &)

for all z.
The set of random variables Z(u), denoted by Z, for all locations u in the

region A, { Z(u), u € A}, is called a random function and is characterised by the

set of all its N-variate cumulative distribution functions

F(u,,. Wy 3 25,2y )=Prob{Z () < z,,...Z, (u) £2,,)} (6)

18



for any locations w, where k=1, ..., N. In general it is impossible to infer the entire
spatial law of a random function so it is necessary to obtain an approximate solution
to most of the problems encountered. In the most commonly used geostatistical
procedures we assume that the random function is stationary, that is, the
characteristics of the random function remain invariant under translation. A random
function is said to be strictly stationary if for any set of N points uy, ..., uy and for
any vector b, the iwo vectors of random variables [Z(wy), ..., Z(uy)] and {Z(u, + h),
oy Z(0y + h)] have the same multivariate cumulative distribution function
F(u,,...,u,:2,,..,2y}=F@, +h,.. u, +h;z,...,z,) (D

for all locations uy, ..., uy and any vector h,

As it is not possible to verify strict stationarity from experimental data we
usually require only second-order stationarity where the first two moments (mean
and covariance) are constant (Armstrong, 1998, p. 18). Hence we require, for all
locations u, that the mean exists and is constant

E{Zu)}=m ty
and the two-point covariance exists and depends only on the separation vector h
C(h)=E{Z{u)-Z(u+h}}-E{Z(u)}-E{Z(u +h)} (9)

In many cases this assumption is not appropriate so we assume intrinsic stationarity
where the increments Z(u + h) - Z(u) are assumed to be second-order stationary.

E{Z(u+h)-Z(u}} =0 (10

Var{Z(u+h)-Z(u)}= E{{Z@u+h)-Z®))*} =2y (h) (11)

The function y(h) is called the semivariogram and is the basic tool for the

interpretation of the spatial variability of the attribute being investigated.

The probabilistic approach to a coregionalisation (a regionalised phenomenon
that can be represented by several intercorrelated variables) is similar to that of the
requirements of a single variable whose concepts can be easily broadened to
incorporate a multivariate random function. The vector of unsampled values of N,

variables [z;(u), ..., z,, (u)] can be considered as a particular realisation of the vector
of N, random variables [Z;(w), ..., ZN, ()] for ali locations u over a region A.

Similarly this vector of random variables may be thought of as one particular

realisation of a multivariate random variable valued function:

19



([Zi@), ..., Z,, ()]; u € LA} denoted by the vector Z.

In order to define a cross covariance function that depends only on the
gseparation vector h the direct (auto) and cross (joint) covariance functions Cj;(h) of a

set of N, continuous random functions are defined in the framework of joinr second-
order stationarity. That is, for all locations u over the study region A4 the mean of
each variable Z{u) exists and is constant and the covariance of a variable pair Z;(u)
and Zi(w)exists and is translation invariant
E[Z,(u)] = m, (12)
C,(h)=E(Z;(u}-m}(Z,(+h}-m)] 13
forall i, j = 1, ..., Ny. The mean-value vector of a random function Z is defined as:
m(u)=E[Z{u)] (14)
Hence the cross covariance functions Cy(lh) may be written as the covariance matrix
Cth) =E{[Z(w) - m] - [Z(u + h) - m]"}, that is:
Cih)y ... G, ()

C(h)= : : (15)
Cy )y - CN..NV (h)

As with the univariate case it may be that in practice the covariance function
between any two locations u and v + h does not exist in which case it is necessary to
weaken the joint second-order stationarity hypothesis to the joint intrinsic hypothesis.
The assumption here is that there is only weak stationarity of the first two moments
(mean and variance) of the difference of a pair of values located at u and u + h, that
is

E[Z, (u+h)-Z,(h)]=0 (16)
Cov[Z, (u+h)-Z (b),Z, (u+h) - Z, (1) |=2¥, (h) (17)
foralli, j=1,.., N..

Hence the cross semivariogram functions y(h) may be written as the

semivariogram matrix I'(h) = YE{[Z(u) - Z(u + h)] - [Z(w) - Z(u -+ h)]"}, that is:
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) oy (W)
I'(h)= : (18)

i) o Yy (h)

It is important to note that while the cross variogram is symmetric in (h, -h),
this is not necessarily so for the cross covariance function, that is Cy(h) # Cy(-h) and
Cij(h) # Cji(h). Goovaerts (1997, p.73) states however that in practice this assumption
in ignored as the usual tools for description of the spatial variability are symmetric
and the verification of the presence of a lag effect is generally not possible as a result

of insufficient data.

2.3 Medelling the Coregionalisation

The regionalised variable possesses a local, random, erratic aspect which
accounts for local irregularities as well as a general structured aspect which reflects
large scale tendencies (Armstrong, 1998, p. 15), Both of these aspects need to be
taken into account in the process of developing a representation of the spatial
variability of the regionalised variable. Our goal when modelling the semivariogram
or covariance is to obtain a suitable interpretation of the spatial structure that
characterises the association and causal relationships and main features of the
coregionalisation. Qur need for a model of the coregionalisation arises from the fact
that it is likely that for estimation purposes we will require a semivariograrn or
covariance value for some distance and/or direction for which we do not have 2 value
(Isaaks & Srivastava, 1989, p. 371). Inference of the semivariogram or covariance
model provides a set of functions that allow us to compute semivariogram or

covariance values for any possible separation vector h.

Only certain functions may be used to model the cross covariance #nd cross
semivariogram. Let Z,(u) fori = 1, ..., N, be a set of intercorrelated random functions,

u, for o= 1, ..., n be a set of n data locations and Y be a finite linear combination of

the random variables Zi{u,), where uy is a sample location in the study region .4 and

i=1, ..., N,. The variance of ¥ must be non-negative and can be written as the linear

combination of cross covariance values
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N, n =

M
Var(r}=Y 3 g (0, —p) 20 (19)

i=1 j=|. =1

<

where Cj(h) denotes the cross covariance at a lag distance h. The variance in terms
of the matrix C(h) is
Var{Y}=Y, > 4 Clu, —uz)h, 20 (20)
a=l g=l

where A =[Ag. Ay "and A denotes the transpose of the vector Ay Thus the

matrix of covariances C(h) must be positive semi-definite to ensure that the

variances of Y are non-negative.
Using the relation Cth) = C(0)-I'(h}, the variance in terms of the matrix I'(h)
is:

Y}:C(O)En:l:ilﬂ —iixjr(h)xﬂ 20 @

esl  p=l a=l fi=!
When a semivariogram is unbounded and has no covariance counterpart the variance
of Y is defined on a condition that the vectors of weights Ay sum to the null vector,

Var{Y}= EZxTr(h)x 20 with ixa =0 (22)
a=] fi=l =1

Thus the matrix of semivariograms I'(h) must be conditionally negative semi-definite

to ensure that the variances of ¥ are non-negative.

Recognising whether a function is positive definite or conditionally negative
definite is not easy, nor is it simple to test for positive definiteness. Hence it is
common practice to model a coregionalisation by using only a few basic structures
that are known to be admissible. The following list is not exhaustive but includes the

most commonly vsed admissible models in their standarised form.

= Nugget effect model

@ 0 ifh=0 . (23)
1 =
£ 1 otherwise
= Spherical model with range a
] 15-— - 0.5 — BY if h<a
gh) = Sph[ ) a a B : (243
1 otherwise
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* Exponential model with practical range «

gh)y=1- exp(:z—h) 25)
* Gaussian model with practical range a
sy =1 - exp[ 'jﬁ‘z] 26)
» Power model
glh)=h" withO0<w@w<?2 @

These models are considered to be the ‘basic models’ and are expressed in
their isotropic form, that is they are independent of direction (h = | h|). Thesc basic

models can be modified to incorporate anisotropy if required.

The nugget effect model is a bounded transition model and is characterised
by its discontinuous behaviour at the origin. The spherical and exponential models
are also bounded transition models whose behaviour at small separation distances
near the origin is linear, The spherical model reaches its sill at the distance a, also
known as the actual range. The exponential model reaches its sill asymptotically with
a practical range a, the distance at which the semi-variogram value is 95% of the sill.
The Gaussian model is a bounded transition model with quadratic behaviour at the
origin and also reaches the sill asymptotically with practical range a, the distance at
which the semi-variogram value is 95% of the sill (Isaaks & Srivastava, 1989, pp.
373-375). Finally the power model is an unbounded model and has no covariance
counterpart. The behaviour of the power model at the origin is dependent on the
value of the parameter @, that is, linear when @ = 1 and parabolic as @ approaches

two.

The linear model of coregionalisation is a mathematical model that
characterises the spatial variation of a multivariate system at different spatial scales.
The requirement of a linear model of coregionalisation is that all direct and cross
semivariograms or covariances are jointly modelled and share a common set of basic

structures. The linear model of coregionalisation consists of 2 set of intercorrelated

random functions .2 so that their corresponding semivariogram matrix T' or

covariance matrix C is by construction admissible. This means that each random
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function & is a linear combination of (L+1) spatially uncorrelated components ¥;

for/ =0, ..., L. Each of these componerts acts at a particular characteristic spatial
scale and has a covariance function ¢; and zero mean (Journel & Huijbregts, 1978, p.
172).

L o\
zw =3 Y al ¥ (w)+m, (28)
{=0 k=1
foralli=1, ..., N, with
* E{Zw}=m (@)
» E{ Y/ (u}=0 forallk=1,..,mand!=0,..,L (b)

gh) ifk =k'andl = 1"

0 otherwise

o Cov{ ¥(u) ¥ (u+h)= { (©

If follows then that the cross covariance function associated with the spatial
components Z;(u) and Z(u + h) can be written as the linear combination of the cross
covariance between any two random variables ¥, (u) and ¥ (u + h).

it

[P
¢, =§§22%a Cov{¥; @), ¥ (n+h)} (29)

As the random variables Yk‘ (u) in equation (28c) are uncorrelated (orthogonal)

except when I = {” and & = %’ simultaneously, equation (29} reduces to a linear
combination of (L+1) basic covariance models ¢;th). Hence we define the linear

model of coregionalisation as the set of N, x N, direct and cross covariance models

Ci(h)
12
C,th) =) blc,(h) (30)
=0

for all i, j = 1, ..., Ny, where the sill of the basic covariance model c;(h) is matrix-

valued and defined by

5 =Y did), 3D

k=1

forall i, j=1, .. Nyand I =0, ..., L. Similarly we can define the linear model of
coregionalisation in terms of the set of N, x N, direct and cross semivariogram

models 7(h) such that:
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I
¥, ()= bl g (h) (32)
1=0

The coregionalisation matrix of size N, x N, , B; = [b; ] is by construction a

positive semi-definite matrix and is the variance-covariance matrix which describes
the multivariate correlation at each of the characteristic scales { for / = 0, ..., L
(Wackernagel, 1998b, p. 27). Thus for a linear model of coregicnalisation to be
admissible it must satisfy two conditions:

i) the functions ci(h) (gi{h)) are admissible covariance (semivariogram)
models and
ii) the (L + 1) coregionalisation matrices B, are positive semi-definite.

This second condition is readily checked by confirming that the eigenvalues of each

of the (L+1) coregionalisation matrices By is real and non-negative.

The multivariate nested covariance function medel Cy(h) with positive semi-

definite coregioralisation matrices B; expressed in matrix notation is
A
C(h) = ) B, (h) (33)
=0

with B, = A, ATand A; = |«' |. Correspondingly, the multivariate nested model
¢ 1Yy W gly

associated with a lincar model of coregionalisation of intrinsically stationary random

functions expressed in matrix notation is

L
T'(h) = ) B,g,(h) (34)

=0
where B, are positive semi-definite matrices and g, (h) are the semivariogram models.

If the multivariate correlation structure of a set of N, vaniables is independent
of the spatial correlation the multivariate correlation is said to bre: intrinsic. According
to Chiles & Delfiner (1999, p. 337) Matheron introduced the intrinsic
coregionalisation madel in order to validate the use of the correlation coefficient

from a geostatistical perspective. The problem arises with the fact that variance (or

covariance) of spatially correlated data within a finite domain .4, depends on A
(Chiles & Delfiner, 1999, p. 337). The intrinsic coregionalisation model may only be

implemented when the correlation r;; between the random functions & and Ej does

not depend on spatial scale, that is:
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by (h) __ b
bubﬂ},(h) \/bubj,-'

(35)

=

The intrinsic coregionalisation model is a spectal case of the linear model of

coregionalisation where the coefficients (sills) of any basic structure ¢;(h) or gi(h)

that constitute the model are proportional to each other. That is, b =g, -b' for

Lj=1,.. .und!=0, ..., L. The intrinsic coregionalisation model is the simplest
multivariaie model used in geostatistics as all direct and cross covariance and
semivariogram models arc prop@.ﬁ(jenal to the basic standardised covariance,
3 f.
Ch) = Eb’c, (h), or semivariogram, y(h) = Zb’ g, (h), functions
i=0 1=0

C,)=p,C(h) 36)

v, ()=, v(h) 37)

L
forall i, j=1, .., N, and Zb* =1. In matrix notation the intrinsic coregionalisation
1=0

model is written
C(h)=dy(h) (38)
C(h)=®C(h) (39)

where the matrix of coefficients ® = [¢;] is equal to the variance-covariance matrix

under the assumption of second-order stationarity (Wackemagel, 1998b, p. 10).

While the intrinsic coregionalisation model is more restrictive than the linear
model of coregionalisation it is of particular benefit as this model reduces the
inference of &, (N, + 1)/2 covariance or semivariogram functions to the inference of
only one covariance or semivariogram model and N, (N, + 1)/2 coefficients. One
way of detecting whether variables are intrinsically correlated is by examining the
codispersion between the variables. This can be done by checking graphically

whether the codispersion coefficients

7, (h)

' h —— e
cc, (h) Jray ()

are constant and equal to the sample correlation coefficient. If they are the

correiation of each pair of variables does not depend on spatial scale. This can
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however become time consuming when the number of variables is large. An
alternative method is to perform a principal component analysis on the data and
compute the cross correlograms of the first few princtpal components which account
for the majority of varability in the original data. If the cross correlograms of the
principal components are zero for any separation vector b this implies that the
orthogonality of the principal components is not dependent on spatial scale. In other
words for the data to be intrinsically correlated we require the cross correlograms of

the principal components to be zero for any separation vector h.

24 Kriging

Once we have a mathematical representation of the spatial continuity of the
attributes of interest in the form of our random function model we are able to proceed
with the estimation of those attributes at unsampled locations across the study region.
There are many traditional point estimation techniques available, such as polygonal,
Delaunay triangulation, inverse distance squared and moving average methods. The
overriding problem with these techniques is that the ‘best’ one is dependent on one’s

choice of criteria as to what is ‘best’.

In the 1950’s South African mining engineer Danie Krige developed a
technique of interpolation in an attempt to more accurately predict ore reserves,
Based on Krige's work, Georges Matheron developed the Theory of Regionalized
Variables in the early 1960's in which he combined Krige’s pioneering work into a
single framework which was coined “krigeage” in recognition of Krige's
contribution to the field (Chiles & Delfiner, 1999, p. 150). Formally, kriging now
refers to a family of least-squares linear regression algorithms that share the
objective of minimiting the estimation (error) variance subject to the constraint of
unbiasedness of the estimator (Deutsch & Journel, 1998, p. 14). Over the past several
decades kriging has become a fundamental tool in the field of geostatistics as it has

established itself as a superior method of estimation.
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2.4.1 Simple and Ordinary Kriging

Let Z be a second-order stationary random function with mean m. The
estimator Z*(u) of Z is given by a linear combination of random variables Z(u,) with

weights Aq{u) chosen such that the estimator is unbiased and the estimation variance
is minimised. The basic generalised spatial least-squares regression estimator Z*(u)

is defined as

alu)

Z*u)-mu) = Y A @) Z(u,)~mu,)] (40)
a=]

where the quantities m(u) and m(u,) are the expected values of Z(u) and Z(ug)
respectively. By making the assumption that the both the sample value z(uy) and
unknown value z{u} are realisations of the random variables Z(us) and Z(u)
respectively we are able to define an estimation error random variable Z*(u) — Z(u).
In order for the estimator to be unbiased we require that the expected value of the

estimation error be zero:
E{z*(u)-Z (u)}=0 (41)
The estimation error variance is then given by

oz (u)=Var{Z* (u)- Z (u)} (42)

and is mipimised under the constraint of unbiasedness of the estimator.

If we assume m(u) to be known and constant across the study region .4, the
linear estimator Z*(u} is known as the simple kriging (SK) estimator Z;,(. (u) where
. n{u) B niu)
Zg(u) = > AT W)Z (k) +[1~2;Lj" (u)]m (43)
o) a=j
and the Agg(u) are determined such that the error variance is minimised. The simple
kriging estimator automatically exhibits unbiasedness as the mean error is equal to
zero. The simple kriging system then becomes, in terms of the covariance function, a

system of normal equations

{u)

a

?u:”(u)C(ua -u,) = Clu, —u) (44)
Bt

forall =1, ..., n{u). The simple kriging minimum error variance is given by
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ai (w)=Var{Z (u)~Z(u)}=C(0)—§A§K (u)}C(u, —u) (45)

In most cases however it is not acceptable to assume that the mean is known
and globally constant, An alternative approach is ordinary kriging which assumes
that the mean is unknown but locally constant. Ordinary kriging then limits
stationarity of the mean to the local neighbourhood of the location u being estimated.
The linear estimator (40) is then modified to incorporate the constant local mean

miu).
2 (u)= ﬁ}. (u)Z(u, )+[l—gla (u)] m(u) (46)

In order to filter the mean n(u) from equation (40) we must impose the constraint

that the sum of the weights be equal to one. This yields the ordinary kriging

estimator Zg, (u) which again must be soived to obtain the optimal kriging weights

such that the estimation error is minimised under the unbiasedness constraint.

afu} a{u)

Zox@) = Y A% @)Z(,) with A% () =1 (47)
w=] a =l

The ordinary kriging system involves n(u) weights A% (u) and the Lagrange

multiplier pex(ty), which accounts for the unbiasedness constraint. Expressed in

terms of the covariance function this system is

niu}

YAZK@C(, ~up)+ po (W) = C(u, ~u)
f=1

niu)

YA @) =1

=1

(48)

for all o = 1, ..., n(1). Unlike the simple kriging system the ordinary kriging system
may also be expressed in terms of the semivariogram as
a(u)

,ZfAEK (U)Y(“n _“ﬂ)_ﬂox =Y(ua _“)

S0 (w) =1

A=l

(49)

forall ¢ = 1, ..., n(u). The ordinary kriging minimum error variance is given by

29



aéﬂx (u)==Var{Z, (u)—Z(u)}= C(O)—-%Af“ (u)C(u, —u) =g (u) (50)

a=]

2.4.2 Ordinary Cokriging

The linear estimator (40) is readily extended to the multivariate case where
we have available N, continuous random variables Z(n). We consider z(u) as a
realisation of the random variable Z{u), i = 1, ..., N,, with zi(uy) being the set of n
sample data located at uq, @ = 1, ..., 1. Let Z;(u) be the primary random variable of

interest with E{Z,(w)} = m,(u), E{Z,(u, )}= m;(u, ) and Aa. and /lﬂ,I being the
weights assigned to zy(u,,) and z(u, ) respectively. In order to estimate a primary

variable with N,-l auxiliary variables the linear estimator (40) is extended to

incorporate the additional information.

nin} Non(u}
Z )=, ) = 3 A, @IZ ) -m @)+ Y Y A, @IZw, )-m, )] (51)
a=| i=2 =]

Analogous to the kriging paradigm the cokriging algorithm generally only

retains the data closest to the location w. Again we wish to determine the weights A’a,

and 4, suh that the estimation variance

0% (u)="Var{Z; (n)-Z, (u)} (52)
is minimised under the unbiasedness constraint that the expected error is zero.
E{Z; (u)-Z, (u)}=0 (53)
The three most commonly used types of cokriging are
i) Stmple cokriging where the mean m;{u) is known and constant throughout
the study region A

ii) Ordinary cokriging where the mean s;(u) is unknown but constant

throughout the study region .4 and

iii)  Cokriging with a trend where the mean m;{u) is unknown and varies as a

function of the spatial coordinates u.

Pertinent to this study is ordinary cokriging which limits stationarity of the
mean to the local neighbourhood of the location u being estimated. In order to filter

the means m,(u) and m,;(u), from equation (51} we must impose the constraints that
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the sum of the weights of the primary variable be equal to one and the sum of the
weights of the secondary variable(s) be equal to zero. This yields the ordinary

cokriging estimator

N, nu)

Zoox = EAOC”(J)Z (,) (54)

-1 ;=1
which again must be solved for the kriging weights such that the estimation error is
minimised subject to the unbiasedness constraints fori =2, ..., N,.

i A% (n)=1

a=1

n{u) ock
;Aﬂ.— (“)=0

The ordinary cokriging system can be expressed in terms of the direct and cross

covariances as

N, n;lu)
3% 3, A I, g ) 1) = Cy g, =)
f 1 ﬂj"]

(55)
Alu) {1 ifi=1

Y AE W =85, &=

poeed 0 otherwise

for oy =1, .., n{u) and i = 1, ..., N,. As for the ordinary kriging case the ordinary

cokriging system can be expressed in terms of the direct and cross semivariograms as

22’100{ () (0, )= 2% () = ¥a (u, )

i (56)
Y AECK 8;1
A=l
forog=1,..,n(w)and i =1, ..., N,. The cokriging variance is given by
(rfsm (u) = Var {Zgg.;{ (u) -Z, (u )}
N, #u i (57)
= Gy ()~ (u)- 3 517 (u)C, (u, )
i=1 g+

As the cokriging systems (55) and (56) can become unstable if the variances of the
primary and secondary variables differ by several orders of magnitude it is advisable

to use standardised variables if this is likely to be a concern,

In general the benefit of incorporating secondary information is fully

exploited when the primary variable(s) of interest is undersampled. In the isotopic or
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equally sampled case the estimates obtained from ordinary cokriging are likely to be
similar to those obtained by ordinary kriging. However one advantage of cokriging a
set of equally sampled variables is that we preserve the coherence of the estimators.
That is, the cokriging of a sum of variables is equal to the sum of the cokrigings of
each of the variables. Another advantage of cokriging in both the isotopic and
heterotopic cascs is that the estimation variance is less than or equal to that of the
kriging estimator. In the particular case of the intrinsic coregionalisation model the

ordinary cokriging estimates will be equivalent to those obtained by ordinary kriging.

24.3 Principal Component Kriging

As we have discussed previously, a principal component analysis transforms
a set of correlated variables into a set of components that are uncorrelated at | h [ = 0.
The advantage of principal component kriging is that it reduces the estimation
problem of cokriging N, variables to the kriging of N, principal compenents. The
overriding assumption of principal component Kriging is that :he principal
components are mutually orthogonal for any separation vector h

Cov{Y, (u).¥,. (u+h)}=C, (h)=0 (58)

for all k # &7 If the data are: intrinsically correlated condition (48) is then satisfied.
This means that there is no benefit in incorporating secondary information as the
kriging and cokriging estimates will be identical. Hence the principal components
can be kriged independently. One of the drawbacks however of principal component
kriging is that the data must be isotopic, that is only those data that are jointly

measured can be considered.

Having determined the N, principal components we calculate the principal
component scores y(tiy) as per equation (4) and model the &, semivartograms y(h)
from these scores. We then estimate the principal components separately at each

unsampled location u in \A. As the mean of each principal component is zero, the

ordinary kriging estimator of the kth principal component at location u is of the form

Y (u)= %Aﬂ‘ (W), (n,) (59)

a=1
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where the kriging weights are obtained from the ordinary kriging system as displayed
in expression (48). The estimate of z;(u) is then recalculated as a linear combination
of the principal component estimates at each location plus the mean m; of each
attribute.

Zhh () = Eak.y‘“ (o, +m, (60)

The coefficients ay; are obtained from the matrix A = [ax] = Q™ = QT where Q is the

orthogonal matrix of eigenvectors calculated in the principal component analysis.

Should sufficient variability of the original data be explained by P principal
components (where P is ideally significantly less than &V,), it is possible to retain only
these and yet simultaneously estimate all N, original variables without the loss of too
much information. In this case the estimates are obtained by modifying equation (60}

as follows;

o Eapf (2 (u)o,+ m (61)
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3 DATA ANALYSIS

In this chapter we introduce the MM22D data suite used in this study. We
then proceed with an exploratory data analysis of tie grade contro]l and exploration
data sets contained in the data svite. We next discuss the principal component
analysis of the MM22DEXP data set and assess whether the data are intrinsically
correlated, In addition we consider the principal component analysis and subsequent
assessment of intrinsic correlation of two four variable subsets of MM22DEXP
called MM22DHC4 and MM22DTOP4. The first subset consists of variables that are
highly coirelated with nickel and cobalt. The second subset consists of variables that

are considered to be economically the most important to the mining company.
3.1 MM22D Data Suite

The data to be used in this study come from Anaconda’s Murrin Murrin
nickel mine near the town of Laverton in Western Australia, The data have been
collected from an area within this mine known as MM2. Murphy, Bloom and
Mueller (2002) explain that in this region “the laterite deposits are of the dry-climate
type and occur as laterally extensive, undulating blankets of mineralisation with
strong vertical anisotropy and near normal nickel distributions.” The data suite
MM22D comprises three dimensional grade and thickness measurements on eight
variables: nickel, cobalt, magnesium, iron, aluminium, chromium, zinc and
manganese. For the purposes of this study the data have been transformed to
accumulations (average grade multiplied by total thickness} hence are treated as two

dimensional.

The MM22D data suite consists of two data sets: the grade control data set
MM22DGC and the exploration data set MM22DEXP. The data MM22DGC are
grade control accumulations for each of the eight variables jointly sampied at 1718
locations over an irregularly shaped study region with grid spacings of 12.5m by
12.5m as displayed in Figure 3.1. This data set is considered reality and will be used
to assess the accuracy of the results obtained from the estimation methods.

MM22DEXP is a subset of MM22DGC and comprises accumulations for each of the
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eight variables jointly sampled at 125 locations across the study region as displayed

in Figure 3.2. Ninety-seven of these data are located at grid spacings of 50m by 50m.

In addition there is a local cluster of 24 samples at 12.5m spacings around the

location at easting 1098.03, northing 298.53. There are also four additional samples

along the line of drill holes extending southwards from easting 1302.22, northing

357.59 at 25m spacings. These local clusters are sampled for the purposes of

identification of the short range characteristics of the variables (Murphy et al., 2002).
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Figure 3.1: MM22DGC grade control sample locations
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Figure 3.2: MM22DEXP exploration sample locations
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3.2 Exploratory Data Analysis

Two types of measurements have been used to assess the level of the
attributes. Nickel, cobalt, magnesium, iron and aluminium are measured in parts per
million (ppm-metres) and chromium, zinc and manganese are measured in percent-
metres (%). The only erroneous data identified in the exploration data set are the
samples located at easting 900, northing 398 (denoted by a red marker in Figures 3.1
and 3.2). As the readings for each variable are incomplete, this record has been
removed from the both the grade control and exploration data sets. Tables 3.1, 3.2
and 3.3 display the descriptive statistics for the grade control, exploration and
declustered exploration data (using cell declustering) where SD and CV are the

standard deviation and coefficient of variation respectively.

Overall the exploration data have reproduced the grade control summary
statistics well. In most cases summary statistics of the declustered exploration data
are very similar to the clustered values with manganese being the only mineral to
show any difference. As the differences are minimal the exploration data rather than

the Jdeclustered data will be utilised in this study.

Table 3.1: Summary statistics for MM22DGC grade control data

Ni%e Co% Mg% Fe % Al % Crppm  Znppm  Mnppm

n 1717 1717 1717 17117 1717 1717 1717 1717
Mean 13.05 082 62.41 313.83 460.33 120053 2312.90 38874
Median 1298 0.78 57.39 312.19 44.49 118127  2314.20 35411
Min 0.24 0.00 0.20 2.60 1.40 345 86.0 0
Max 42.64 490 37893 81379  163.90 372240 683199 236803
SD 6.64 0.56 52.73 144..53 2591 67042 1054.3 34943
Skewness .20 1.26 1.5% 0.08 1.18 0.33 -0.03 1.57
cv 0.51 0.68 0.85 0.46 0.56 0.56 0.46 0.90
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Table 3.2: Summary statistics for MM22DEXP exploration data

Ni%e Co% Mg% Fe % Al % Ccppm  Znppm  Mnppm
n 124 124 124 124 124 124 124 124
Mean 1407 085 78.46 318.6 47.99 82471 2130.10 46354
Median 1337 068  58.69 3149 44.20 81357 1989.0 36279
Min Q.56 0.02 8.07 110 1.40 2119 88.0 1149
Max 4264 297 37893 77899  146.40 217900  4918.10 236803
SD 6.72 0.55 67.51 144.2 27.13 48238 944.3 43314
Skewness 0.95 1.24 2.06 0.22 1.08 0.42 0.33 1.69
Cv 0.48 0.65 0.86 0.45 0.57 0.58 0.44 0.93

Table 3.3: Summary statistics for declustered MM22DEXP exploration data

Ni%e Co% Mg%h Fe % Al % Crppm  Znppm  Mnppm
n 96 96 96 96 96 96 26 96
Mean 1528 091 87.00 354.0 45.82 91059 2330.8 50985
Median 1509 0.82 68.65 3313 45.05 51800 2182.2 44391
Min 3.83 0.14 8.07 98.6 8.41 2119 326.0 2220
Max 4264 244 37893 77859 14640 217900  4918.10 200600
SD 6.47 050  72.57 128.4 28.06 46718 881.10 39234
Skewness 1.05 0.94 1.85 033 .14 0.41 0.43 1.17
cv 0.42 0.55 0.83 0.36 0.56 0.51 0.38 0.77
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Graphical summaries of the grade control data are in displayed in Figure 3.3.
Cobalt, aluminium, magnesium and manganese are all strongly positively skewed

(skewness coefficient greater than 1) for the grade control data.

85% Conf idence Interval for Sigma

== s o
7 5% Confidence Interval for Median
#5% Cond idence Interv 3l or Median

Variable: NI Varisble: CO
Angerson-Daring Normalty Test Andersmn Dafing Nomnsity Test
ASquared 1822 Arsquared 21970
Pyalug 0000 Pvaur 0.000
Mean 130470 Maan 0019453
S0 8 402 SDev 0.556730
Vanance 44,0017 Veriance a3tnre
Skewness 0.198505 Shewress 128899
Wurtosis 54ER2 Kutoss 332
T ] m7
M 02400 Mitumun 0.0mo0
15t Quartie 85450 14 Cuartle 042000
12.8840 Medan 0.73200
3rd Quantiz 174570 3nd Quarsle 110400
Macimum 42 5400 Maximum 48mo0
85% Confidence interval for Mu 95% Confitince | terval for My
127321 EEE ] 02@01 o880
BS% Confidence irtervl for Sigma BE% Conlidencs Interne 8o Sgms
84253 86700 05005 05707
- 95% Confidence Intery al for Median )y % Confiderce Interval farMedan
B5% Confidence lnterval for Median 12 8720 13.4084 5% Confiderce Interval forMedian 0.7mon 076000
Variable: MG Varieble: FE
Anderson-Dading Nonmaly Test Anderson Daiding Nomafty Test
A-Squared. 53404 A-Squared 2314
P-Vake o000 PValue @ ean
Mean 674050 Mean 313830
StDev 527788 SDev 144 533
Varsnce 73 Vanace 105888
Skeoness 153175 Sheamess 8.18E87
=1 1 FEsy ] Kunosis 272788 e Kutss 28601
A W WM U P P z m N i @0 6o M0 " Sl
e Ty e Minimum 020 ] Minmun 8.600
- . it Ouaste 2518 - sas o
edian 48816 Medin 318208
g Quantie 83930 3nd Quztle 407.288
85% Confidence Interval for Mu Naimm Bl 5% Configence | ikerval for Mu Vi T8
[ ] 5% Cantidence Interval for M — 95% Confidence ierval for Mu
1 1 58.913 B4.905 308.080 IWBI
45 &5 lh
1

% Confiderce Interval forMedan

49 Confldencs Interv d for Sgma

1@es0 14837

&% Confiderce Interva for Median

16 558 51178 310844 3m 013
Variable: AL Variable: CR

Andersen-Daring Nomalty Test A son Dadng Nosnsity Test
ASquared 7708 A-Squsted s047
PVake. B.60 RVde 2000
Mean 318 Mean 120053

Stoev 25.9089 v T4
Variance 671.189 Variance 449208
Skevagss 118215 Skenress 033745

Hurtosis 203032 Kutasis oea1
| | | | | 1 | K i | (s ¥yl Tl e ] | )

L T L - DM AW 12O 1HO0 2P0 2D IVN0 IDDY

! 1 | [ | [ ] Mikerum 1400 N P | St | | Micinim 35
— A 13t Quartie .54 - . 1 Quanile 7480
Median EE an 117430
3d Quartie 8407 3nd Cuatls 1aean
#5% Confidenice Intery for Mu Memcn M 85% Confidence Imaval for Mu Nasinun M

1 1
& &
1 1

1 1
4 o4 & 4
I 1 1 1l

85% Conl idence Interval for Medan

|
I

B5% Confidence Interval for Median

— 8-

5% Confidence Interval for Mu

45.108 41558

85% Conf dence interval for Smms

25.088 %804

85% Confidence Interval for Medmn

868 Confidence Interva for Mu

740 235380

B5% Cond ence Iiterval for Sigma

102018 1090.78

05% Confidence Interval for Median

232000 7442 00

1ulpa 1ED 1m0

&% Confiderce Interval forMedian

85% Contidence Interval for Median

88% Confitence Interval for My

11880

12118

25% Contidence Interv o for Sgma

a3

BE63

&% Confidence Intereal for Median

40.385 43784 1z 121718
Variable: ZN Varigble: MN
Anderson-Datlng Narmaity Test Anderson-Daring Nomalty Test
A-Squared asn A-Squared 40,877
PVaiue: n.000 F-Value oo
Mean 2313 84 Mean 88744
StDev HULS
Vanance 1111509 Variance ZE+00
Skenness Skewness 1573
Hurtosis JisES Kurtosis 347918
N 1 N 1
Minimum 8800 Manimum o
15t Quastile 1589 .00 15t Quartile. e
Medisn 2383 00 Median 30800
1o Qusile 3053 00 3d Quartile 54750
Macimum EE31 g9 MEcmum 23803

85% Conlidence interyal for My

nm

40528

#6% Confidence Interval for Sigma

33812

36152

5% Confidence Interval for Median

2909

32600

Figure 3.3: Graphical summary of MM22DGC grade control data
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The skewness of the variables cobalt, aluminium, magnesium and manganese

is also apparent in the exploration data as displayed in Figure 3.4. The exploration

data for iron and chromium are normally distributed with nickel near normal.

Variable: NI
anderson Daring Nommiity Test
e oBa7
P¥ae g2t
Mesn W
a7181
Valce 45087
Shusorass aHmE
is ]
124
Hhesmum a0
st Cusitds 34085
Macian 13360
g e 7585
Maamum 426400
54 Corfidence Inenai for M
zmar BEE
5% Configence Intens! for Sioma
sam1 15781
5% Corfience Intenal for Medan
35% Configerce inerve for Median s s
Variable: MG

H 1

AndersonDaling Moty Test
ASquured 8334
v 08
T8 Mesn 784555
SiDev BT5118
~ Variance 4887 84
Shewress 205114
] . Wurtosis 48557
0

Mirnarum B
- - - o Cuintie Fe
Hedian 58588
d Qe 82780
85% Confidence imenal for Mu Madimam el
E===s o eains
) 1 T 7 T \ 00 455 BO45E
- 4 L 7 o5 9% Contdence intenal for Sigma
4 - i ) L #1m7 AT
[==f=T] O ———
95% Confiderce biteral for Meian o b
Variable: AL
Arsdarion Cning omsity Tes:
ASquard 2102
PV 0000
Mesn 47867
SiDev 27.087
Vanance 1357
55 108449
Hunosis 1.50005
N 124
Hiniraan 1400
1ot Cuarie 2923
Medhan 44,108
0 Qusite F268
Macirrum 146400
% Corfdenee Itenal for Mu
i i 1 \ 43188 57808
B k. - = 8% Cordderce bteral br S
L] 1 1 1 2118 0995
(T 55 Contnce o ion
95% Confderce inteecd for Mesian i i
Veriable: ZN
Anderson-Darling Mosrrahty Test
ASquared 0468
Pyae 0244
Hean 2101
StDer 1
Vananca |inia
Skevress 5 3Bi853
Kurtosis. FER
Heinm @0
st Quaie 15875
155800
d Quneds 285 50
Masirrum 1810
% Corfidence irtenal for by
190727 2287
05% Confidence Intens! for Sigms
ER Bl 1o7 08
9% Corfidence Intenal for Medan
954 Confidence ntarval for Meshan frsss piioti

Variable: CO
Arverson Dsring Normdty Test
A-Squered 2089
, FValuz Q00
Hean 034623
SiDey 10 545063
Vanarce o018
Skerness 124282
Kutasis 1.m385
[} [} i | s
02 08 14 20 26
i 1 1 I I Mini 8
+ - . 12 Quatie o4m
Medan 80
3 Quartie: 111850
#5% Confidence btenal for Mu Madmm 286800
— 5% Coniiderce btendd forMy
' 1 ; (2T asism
Ry o8 L 5% Corfiderns kdend kor Siggra
- : 1 04mss2 amsm
=== 94 Conteres il frodon
B5% Confdancs Intenatfor Medan e s
Venable: FE
AndersonDating Nomaiity Test
ASquaed LEC)
PValue. 02m
Mean BB
Si0ey W1
Vatsrce LTBE
Skennzss 021508
Futoss -LEn
] [ 1 [ [ ] N i
L] W ¥ I @ &0
- ; v i : ) 100
— T . st Cuvtie 7785
Medan 31458
3 Quartie 40850
% Confdence nens! for My Manmun il

Easseas o ey
292889 344 290

] /
# 0 30 @ o sh ok 85% Cofidence bilenvi for Sigma
| i | | ' ' | 128191 84753
_ 5% Conbdence Infena for Median
5% Confidence tenal for Medan 278 PoreTy
Vaiable: CR
Ardeson Dading Mowasy Te
A Squred 047
Pyvalus 0243
e B4 2
2331 1
Vi 2TEB
Skeancss 0415848
Kutosis 1t
1
Minimum 2118
15t Cuatle 1
Median &1357
i Cuzrtie 114650
Madmm 20780
5% Confidence intervad for Mu
T 9148
85% Confidente intend for Sigma
g ®ia
89 Confdence ntenal for Medan
] )
Variable: MN
Anderson-Dating Norraity Test
ASyared 4425
Py nmo
Mezn 453%42
Sty 43143
Vanance LEEEHA
Shevress 168912
Kurosis 378
N [
Meamm 1148
Ist i 12x8
3 Ouatile a7
Madirom 233
5% Corfidence Intenel for Wy
30855 53064
85% Confidence intenal for Sigma
1 | 1 38917 0498,
B5% Corfidence Interval for Median
5% Corfidence Interva for Medizn 2080 #4148

Figure 3.4: Graphical summary of exploration data
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From the summary statistics displayed in Tables 3.1 and 3.2 it is evident that
the range, mean and variance of the attributes vary greatly. In order to make the
attributes comparable the data need to be standardised by subtracting the sample
mean and dividing by the sample standard deviation. Tablz 3.4 displays the
standardised summary statistics for the exploration data (with the erroneous data

removed) and Figure 3.5 shows the graphical summary.

Table 3.4: Summary statistics for standardised MM22DEXP exploration data

Ni%e Co% Mg% Fe @ Al % CrPPM  ZnPPM MnPPM

N 124 124 124 124 124 124 124 124
Mean 0.00 0.00 0.00 0.00 0.00 .00 0.00 0.00
Median 010 030 -0.29 -0.03 -0.14 -0.02 -0.15 -0.23
Min -201  -1.51 -1.04 -2.13 -1.72 -L.e7 216 -1.04
Max 4.25 3.89 4.45 3.19 3.63 2.81 2.95 4.40
SD 1.00 1.00 1.00 1.00 L.00 1.00 1.00 1.00
Skewness 0.95 1.24 2.06 0.22 1.08 0.42 0.33 1.62

In many geostatistical and statistical procedures, we make the assumption of
second-order stationarity and normality. Although a principal component analysis
does not require normality of the data, the results are enhanced if this condition is
met. In many cases it is possible to transform the data in order to remove any trend,
stabilise the variance and achieve normality. However, one of the problems with
transforming data is that the estimation crrors can become exaggerated when the
estimates arc back transformed. Hence, it is preferable to avoid transformation if
possible, Figure 3.6 displays the normal probability plots for each of the eight
variables, The plots for cobalt, magnesium, aluminium and manganese show strong
deviation from normality in the upper and lower tails. Figures 3.7 and 3.8 show the
lognormal and Weibull plots for these variables. While neither transformation
appears to have adequately removed the asymmetry of the raw data the lognormal

plots scem to have less deviation than the Weibull plots. The decision of whether to
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component analysis on the exploration data.

transform the data was further examined when we performed the principal
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Figure 3.5: Graphical summary for standardised MM22DEXP exploration data
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Figure 3.8: Weibull probability plots for cobalt, magnesium, aluminium and

manganese

3.3 Spatial Data Analysis

The post plots for each of the eight variables for both grade control and
exploration data are displayed in Figures 3.9 and 3.10 respectively. The post plot for
the grade control nickel reveals a large concentration of high values across the lower
eastern half of the study region. These high values drop to moderately high across the
lower western half of the study region. Another smaller concentration of medium to
high nickel values is located at the north-western corner. There is a long band of low

nickel values along the northern perimeter of the study region and another along the
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eastern perimeter, The exploration nickel data reflect the spatial distribution of the
grade control nickel very well with only the low values on the eastern perimeter

under represented.

The cobalt grade control values seem to be predominately high in small
pockets across the southern half of the study region, along the western perimeter and
in the north-western corner. The entire south-western corner appears to have medium
te high levels of cobalt. There are low values along the northern perimeter of the
region as well as in the south-castern corner. The exploration cobalt values also
reflect the spatial distribution of the grade contro’ Jata very well, although the low
values in the south-eastern comer and the high values in the north-western corner are

not well represented.

The post plot of the grade control magnesium shows small pockets of high
values in the north-western corner, central eastern region, eastern perimeter, south-
eastern and the souvth-western comers. The concentrations of low values are located
predominately across the centre of the study area with pockets along the western and
northern perimeters. The spatial distribution of the exploration data is also very
representative of the grade control data with the only exception being an under
representation of low values along the south south-eastern and south south-western

perimeters of the study region.

The post plot of the grade control iron indicates that there is a large area of
high values across the central southern region extending across toward the south-
western corner and up along the western perimeter. There is also a small pocket of
high values in the north-western corner. The low values extend in a long band along
the northern perimeter of the region with a large area of low values in the south-
eastern corner, Overall the spatial distribution of the grade control iren is very well
represented by the exploration data, the only exception being an under representation

of low values in the south-eastern corner.

The post plot of the grade control aluminium shows two large areas of high
concentrations in the south-eastern and south-western regions of the study area,
There is also a pocket of high values in the north-western corner. The low values are
predominately located across the western side of the study region; in addition there
are small pockets of low values in the south-eastern corner. The spatial distribution

of the exploration data is also very representative of the grade control data with the
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only exception being an under representation of high in the north-wesiern corer of

the study region,

The post plot of the grade control chromium shows clear cut areas of high
and low concentrations with the high values along the south-eastern perimeter
extending across the central southern region into the lower western side. The low
values extend across the enfire northeim boundary extending down along the east
south-eastern perimeter. The spatial distribution of the exploration data is in this case
not very representative of the grade control data. The large regions of high

concentrations appear to be greatly under represented across the entire study region.

The post plot of the grade control zinc shows high concentrations across the
entire southern half of the study region and in the north-western corner. The low
values are located along the northermn and south-eastern perimeters. The spatial
distribution of the exploration data is very representative of the grade control data

with all high and low values well represented across the entire study region.

The post plot of the grade control manganese shows a large concentration of
high values occupying the entire south-western region, extending east across the
lower southern half up into the south-eastern corner. There is also a pocket of high
values in the north-western comer of the study region. Three regions of low values
are evident, on the central north-western side, across the centre of the study area and
across the central south-eastern region. Again, the spatial distribution of the
exploration data is very representative of the grade control data with all high and low

values well represented across the entire study region.
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Figure 3.10: Post plots of MM22DEXP data
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34  Principal Component Analysis

In a principal component analysis one assumes that the relationships between
pairs of variables is linear, hence it is desirable that the scatterplots between variables
exnibit linearity and the correlation coefficients are significantly large. Figure 3.11
displays the scatterplots betwcen each of the variables. There appear to be moderate
to strong linear relationships between nickel-cobalt, nickel-iron, nickel-chromium,
nickel-zinc, nickel-manganese, cobalt-zinc, cobalt-manganese, iron-chromium, iron-

zinc and zinc-chromium.

Table 3.5 displays the lower half of the correlation matrix and corresponding
p-values (in parenthesis) for the exploration data. The use of a two tailed hypothesis
test

Ho: p=0 versus H;: p#£0
(where pis the correlation between a pair of variables) at a significance level of 0.09,
indicates that all pairs of variables, except for magnesium-chromium and
magnesium-zine, are linearly related. However as a principal comyponcnt analysis
does not require all pairs of variables to have a strong linear correlation, merely that
there be some significant linear correlations, we conclude that the exploration data

meet the assumption of linearity for a principal component analysis.

Table 3.5: Lower half of the correlation matrix for exploration data, with p-values in

parenthesis

NI co MG FE AL CR ZN MN

NI 1 (0.00)

CO 072(0.00) 1  (0.00)

MG 0.36(0.00) 023(0.01) I (0.00)

FE 0.64 (0.00) 0.58 (0.00) C.18 (0.04) 1  (0.0C)

AL 0.30(0.00) 0.34(0.00) 0.38 (0.00) 0.41(0.00) 1  (0.00)

CR 0.52(0.00) 0.42(0.00) 0.13 (0.16) 0.74 (0.00) 0.31 (0.00) 1  (0.00)

ZN  0.64 (0.00) 0.60 (0.00) 0.11 (0.21) 0.83 (0.00) 0.28 (0.00) 0.65 (0.00) 1  (0.00)

MN 0.62(0.00) 0.84 (0.00) 0.27 (0.00) 0.46 (0.00) 0.23 (0.01) 0.20 (0.03) 0,40 (0.00) 1  (0.00}
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Figure 3.11: Scatterplots of the MM22DEXP variables
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3.4.1 Principal Component Analysis of MM22DEXP

The results of the principal component analysis performed on the correlation
matrix of all eight variables are shown in Table 3.6, The principal components
extracted 53.7%, 14.8%, 13.1%, 7.6%, 4.1%, 3.5%, 1.9% and 1.4% of the total

variance.

Table 3.6: Eigenanalysis of the correlation matrix of MM22DEXP

Eigenvalue  4.29 1.18 1.05 0.61 0.33 0.28 0.15 0.11
Proportion  0.54 0.15 0.13 0.08 0.04 0.04 0.02 0.01

Comulative  0.54 069 082 090 0.94 0.98 0.99 1.00

Variable PC1 PC2 PC3 PC4 PC5 PC6 PC7 PC8

NI 041  0.08 013 -028 -040 -074 0.10 0.12
CO 041  0.15 0.37 020 026 023 -021 -0.69
MG -018 065 -037 057 019 020 006 -0.10
FE 042 -029 -017 -000 034 0.04 073 025
AL 024 030 -057 070 006 015 -007 0.11
CR 034 042 -033 020 -051 046 -013 026
ZN -040 032 001 006 058 -0.17 -060 007
MN -035 031 0.51 0.16 0.13 0.31 0.17 0.60

As the variance of each standardised variable is equal to one, we seek
components whose corresponding eigenvalues are greater than one. This ensures that
the explanatory value of the component exceeds that of any single variable. The first
three components have eigenvalues greater than one and account for 81.5% of the
variability of the original data. However, consideration of the scree plot in Figure
3.12 reveals that the eigenvalues appear to level off after the fifth component. As the
associated eigenvalue for the fifth component is only 0.33 it would be of no benefit
to retain this compenent. If data reduction were the objective here we would be

required to retain the first four principal components of this data set. The decision of
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how many components to retain in order to account for “enough” of the variability of
the original data is a subjective and strongly debated area (Afift & Clarke, 1996). In
general however one would aim to retain as many components as required to account
for at least 85% of the variability. However some authors consider that as little as
80% (Johnson & Wichern, 2002) is adequate, whereas others debate that at least 90%
of the variability should be accounted for (Dunteman, 1984). In this case the first
four components would then account for 89% of the variability of the original data

which would certainly be “enough” for even the most stringent authors.

Eigenvalue
[ =)
|

o _ﬂ—_.-_‘\""———u
! : 3 : S ¢ 1 !

Compaonent Number

Figure 3.12: Scree plot of eigenvalues for the principal component analysis of
MM22DEXP

The first principal component has the greatest weighing on nickel, cobalt,
iron and zinc with manganese and chromium following. The lowest weights are
associated with aluminium and magnesium. While all the weights are negative there
is little to be interpreied from this component. The second principal component is
dominated by magnesium and has positive weights for this variable as well as
manganese, aluminium, cobalt and nickel. The weight of nickel for this component is
only 0.08, so this variable barely contributes to this component. The negative

weights, in order of magnitude, are associated with chromium, zinc, and iron. The
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third principal component is composed of positively weighted manganese, cobalt,
nickel and zinc. The contribution of zinc to this principal component is negligible
with a weight ol only 0.01. The negative weights are associated with aluminium,
magnesium, chromium and iron. The fourth principal component i1s dominated by
aluminium, whose weight is positive as are the weights for cobalt and manganese.
The negative contributors are magnesium, nickel, chromium, zinc and iron, with the
latter two being almost zero. There does not seem to be any clear interpretation for

any of the principal components from this data set.

Figure 3.13 displays the scatter plots of the scores of the first four principal
compenents, The plots between PC1-PC2, PC2-PC3 and PC3-PC4 reveal potential
outliers. The corresponding sample data was checked and it was ascertained that
these data were genuine, hence they could not be treated as erroneous and were left

in the data set,

There does appear to be some slight curvature in some of the scatter plots, in
particular those between PCS1, PCS2 and PCS3, suggesting that the strongly skewed
variables cobalt, magnesium, alominium and manganese, may benefit from a
transformation, These variables were transformed logarithmically and the principal
cdmponem analysis repeated. The results were compared to those obtained in the
principal component analysis of the raw data and are displayed in Appendix A. The
eigenvalues in each are case very close in value with the cumulative proportion of
variability almost identical by the fourth component. The eigenvalues of the first and
second principal components are somewhat higher for the transformed data while the
third eigenvalue is somewhat lower. There have been numerous small changes in

some of the elements of the coefficient vectors, though they are all small.
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Figure 3.13: Scatter plots of the principal component scores of MM22DEXP

Furthermore, while the scatter plots of the transformed principal component
scores (also displayed in Appendix A) do appear to be less correlated and circular in
shape, the improvement is not substantial. Given the results of the two principal
component analyses are very similar, the curvature in some of the plots in Figure
3.13 is not sufficiently marked and the dangers of exaggeration of estimation errors

we feel that the data do not warrant transformation.

The principal component scores were calculated using expression (4) in
Chapter 2. The omnidirectional cross correlograms of the scores were then computed
at 32 lags with a lag spacing of 12.5 metres. The value of the cross correlogram at
the first lag is significantly different from zero for PC1-PC2, PC1-PC4 and PC2-
PC4. In fact there is clear structure in the lower lags for PC1-PC2 and PCI-PC4.
There is also strong deviation from zero at the ninth and twenty-sixth lags of PCl-
PC3. While the cross correlograms for PC2-PC3 and PC3-PC4 show no clear
structure there are significant non-zero values at lags two and four. Figure 3.14
displays the most problematic of the cross correlograms. Clearly the original data are

not intrinsically correlated.
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Figure 3.14: Cross correlogram for the first two principal components of
MM22DEXP

In order to demonstrate the multivariate geostatistical techniques of cokriging
and principal component kriging it was decided that we would investigate the
possibility of creating two smaller subsets of MM22DEXP. Several subsets were
investigated according to the following criteria. As the data come from a working
nickel-cobalt mine these two variables were to be included in both subsets. We also
required that one of the subsets consisted of only variables that are highly correlated
with nickel and cobalt. We have chosen a highly correlated data set for two reasons.
Firstly, as previously stated, a principal component analysis assumes that the
relationship between each pair of variables is linear; hence high correlation
coefficients between variables are desirable. Secondly, the higher the correlation
coefficient between the primary and secondary variables, the greater the contribution
of the secondary information to the estimation of the primary variable. More
precisely the higher the correlation coefficient, the larger will be the kriging weights
of the secondary variables. The highly correlated data set is MM22DHC4 and
consists of nickel, cobalt, iron and zinc. The choice of the second subset was based
on the fact that the data are from an actual working nickel-cobalt mine; hence we
considered it appropriate to include the variables considered to be economically most
important to the mining company. This subset is referred to as MM22DTOP4 and

consists of nickel, cobalt, magnesium and iron.
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3.42 Principal Component Analysis of MM22DHC4

The results of the principal component analysis performed on the correlation

matrix of nickel, cobalt, iron and zinc are shown in Table 3.7. The principal

components extracted 75%, 14%, 7% and 4% of the total variance, Only the first

component has eigenvalue greater than one and accounts for 75% of the variability of

the original data. The first two components account for an impressive 89% of the

variability of the original data. The scree plot displayed in Figure 3.15 shows that the

principal components level off at the third and fourth components. If data reduction

were the objective here we would be required to retain the first two principal

components of this data sct, These would then account for 89% of the variability of

the original data.

Table 3.7: Eigenanalysis of the correlation matrix of nickel, cobalt, iron and zinc

from MM22DHC4
Eigenvalue 3.00 0.55 0.27 0.17
Proportion 0.75 0.14 0.07 0.04
Curmulative 0.75 0.89 0.96 1.000
Variable PCl PC2 PC3 PC4
NI -0.50 -0.42 0.76 0.04
CO -0.48 -0.60 -0.64 -0.06
FE -0.51 0.50 -0.02 -0.69
ZN -0.51 047 -0.12 -0.71
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Figure 3.15: Scree plot of eigenvalues for the principal component analysis of

MM?22HC4

The first principal component has almost equal weighting on nickel, cobalt,
iron and zinc. As the weights are all the same sign and of almost equal magnitade it
is possible to consider this component to be an overall grade component. The second
principal component has its largest negative weight associated with cobalt followed
by nickel. Zinc and iron are both positive and are fairly equal in magnitude. There is
a clear grouping of nickel-cobalt and iron-zinc. While the actual sign of the
coefficients is not relevant, the fact that the groupings display opposite signs is. This
suggests that this component is a contrast of nickel-cobalt and iron-zinc. The third
principal component is dominated by nickel which in this case is positive. Cobalt,
iron and zinc have negative weights however iron barely contributes to this
component with a weight of only -0.02 and the weighting on zinc is also small.
Hence, as the nickel and cobalt weights are of opposite sign this component appears
to be a nickel-cobalt contrast component. The fourth principal component is
dominated by negative weights on zinc and iron with cobalt and nickel barely
contributing. As the weights are the same sign and of similar magnitude this
component appears to be a zinc-iron component. Further interpretation of these

principal components requires knowledge of their geological significance. This is
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beyond the scope of this research and would require the consultation of a geologist

with the relevant expertise,

The scatter plots of the principal components are displayed in Figure 3.16. As
outlined earlier it has been decided that the data do not warrant transformation. There
is some curvature in the plot of PCI-PC2 however the remainder are sufficiently
uncorrelated. There do appear to be some outlying values, particularly in the plots
including PC4. The corresponding sample data was checked and it was ascertained
that these data were genuine; hence they could not be treated as erroneous and were

left in the data set.

Figure 3.17 shows the cross correlograms of the first three principal
components from MM22DHC4. Despite an initial high value at the first lag of the
cross correlogram of the first and second principal components the remainder of the
lags of this and the other graphs appéar to be sufficiently close to zero. In addition
there is little to no structure in the first plot and clearly no structure in the subsequent
plots. The cross correlograms then give an indication that it would be possible to use

an intrinsic coregionalisation model for the variables in the MM22DHC4 data set.
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Figure 3.16: Scatter plots of the principal components from MM22DHC4

57



0.2
a.1
0

{p@-p gD
o4k

03+

; e : g"z‘/\./\ A fx,.g\m

.01k
021
0.3+

pOy-p (Bl
048

03

NN e TV A Y

03
E Lo 04 1 1 i 1 1 y 1 Lo

-0.4
a

L 1 11
§0 100 180 200 250 300 350 400 o w10 10 a0 Ao
I i
PC1-PC2 PC1-PC3
P{0)-p (i
n4d

03

0.2k
01
0
-0.1 ¢
02

0.3

_04 1 11 1 1 i 1 i 4 Lo
0 50 ' 160 150 200 250 300 350 400
Bl

PC2-PC3

3.4.3

Figure 3.17: Cross correlograms of the first three principal components from
MM22DHC4

Principal Component Analysis of MM22DTOP4

The results of the principal component analysis performed on the correlation

matrix of nickel, cobalt, iron and magnesium are shown in Table 3.8. The principal

components extracted 61%, 22%, 11%and 6% of the total variance. Only the first

component has eigenvalue greater than one and accounts for 61% of the variability of

the original data. The first two components account for 83% of the variability of the

original data. The scree plot displayed in Figure 3.18 shows that the principal

components do not level off at all. If data reduction were the objective here we

would be required to retain the first three principal components of this data set. These

would

then account for 94% of the variability of the original data, however one

would question the utility of reducing a four variable data set to a three variable set.
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Table 3.8: Eigenanalysis of the correlation matrix of nickel, cobalt, magnesium and

iron from MM22DTOP4
Eigenvalue 243 0.88 0.43 0.26
Proportion 0.61 0.22 0.11 0.06
Cumulative 0.61 0.83 0.94 1.00
Variable PC1 PC2 PC3 PC4
NI -0.58 -0.03 -0.20 0.79
CO -0.55 -0.20 -0.58 -0.56
MG -0.30 0.94 0.11 0.16
FE -0.52 -0.29 0.78 -0.20

Eigenvalue

]
2

[
3

Component Number

Figure 3.18: Scree plot of eigenvalues for the principal component analysis of

MM22DTOP4
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The first principal component has almost equal weighting on nickel, cobalt
and iron. While the weights are all the same sign magnesium is somewhat smaller in
magnitude than the others. Hence this component is not as easily interpreted as for
the previous case, although it could still be thought of as an overall grade component.
The second principal component is almost totally dominated by magnesium. Nickel
barely contributes to this component Whereas cobalt and iron have similar weighting.
Again this component is not as easily interpreted, other than perhaps being a
magnesium component. The third principal component is dominated by iron. There is
a positive grouping of magnesium and iron, though the weights are by no means
close in value. Nickel and cobalt are both negative for this componernt, once again
the weighting is not equal. However as the weightings on nickel and magnesium are
quite small we could consider this a contrast component of cobalt and iron. The
fourth principal component is dominated by nickel with all the other weights being
negative. Magnesium and iron have fairly equal weighting but are relatively small in
magnitude. Hence this could be considered a nickel-cobalt contrast component. Once
again further interpretation of these principal components requires knowledge of

their geological significance and is beyond the scope of this research.
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Figure 3.19: Scatter plots of the principal components from MM22DTOP4

60



The scatter plots of the principal components are displayed in Figure 3.19. As
outlined earlier it has been decided that the data do not warrant transformation. As
for the previous case there is some curvature in the plot of PC1-PC2 however the
remainder are sufficiently uncorrelated. There do appear to be some outlying values,
particularly in the plots including PC3 and PC4. The corresponding sample data was
checked and it was ascertained that these data were genuine; hence they could not be

treated as erroneous and were left in the data set.

Figure 3.20 shows the cross correlogram of the first two principal
components from MM22DTOP4. The first two lags have significantly non-zero
correlogram values. In addition there is definite structure at the lower lags which
indicates that the data are not intringically correlated. For this data set we will be
required to proceed with the linear model of coregionalisation and perform the

estimation using cokriging.
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Figure 3.20: Cross correlograms of the first two principal components from

MM?22DTOP4
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4 ORDINARY COKRIGING

In this chapter we demonstrate the estimation technique of ordinary cokriging
using two data sets, MM22DHC4 and MM22DTOP4. To begin with we discuss the
vartography of the MM22DHC4 and MM22DTOP4 data sets. “he former was
modelled using an intrinsic coregionalisation model; the latter was fitted with a linear
mode] of coregionalisation. All direct and cross semivariograms were calculated with
32 lags at a lag spacing of 12.5 metres and a lag tolerance of 6.25 metres. The
directional semivariograms were calculated with an angular tolerance of 45°, All
directional models were assessed for fit in the intermediate directions (with angular

tolerance set to 22.5°).

All models were cross validated using ordinary cokriging and performed
satisfactorily. The cokriging was performed using the software package ISATIS.
This package treats each variable nominated for estimation as the primary variable in
turn, using the other variables as secondary variables. 1717 estimates were obtained
for each variable directly at the locations of the grade control data. The parameter
files for all kriging procedures are displayed in Appendix C. Comparisons of the
estimates obtained from the cokriging of each data set were made with the
MM22DGC grade control data,

41 VARIOGRAPHY AND COKRIGING OF MM22DHC4

4,1.1 Variography and the Intrinsic Coregionalisation Model

Recall that in the generic intrinsic correlation model the sills, ., of any basic

structure gy(h) that constitute the model are proportional to each other. That is

b;, = @ b;, for all #, j and I. As we are dealing with standardised data we require that

L
Zb* = 1. Under the assumption of second-order stationarity the matrix of
{=0

coefficients @ = [¢,] is the positive semi-definite variance-covariance matrix C(0),

which in our case is the correlation matrix:
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The direct and cross semivariogram surfaces for nickel, cobalt, iron and zinc
are displayed in Figure 4.1. The semivariogram surface of nickel exhibits the
presence of two anisotropic structures, one short range and one long range. The
direction of maximum continuity of the short range structure is east-west (azimuth
90°). The direction of maximum continuity of the long range structure is
approximately azimuth 70°. Cobait, iron and zinc also exhibit anisotropy with the
direction of maximum continuity being east-west. The east-west anisotropy is also
apparent in the cross semivariogram surfaces. Hence the semivariograms were

modelied with the direction of maximum continuity being east-west.

The semivariograms were fitted with an intrinsic correlation model consisting
of three basic structures, a nugget effect and two spherical structures, The first
spherical structure is omnidirectional with a range of 100 metres; the second is
modelled with east-west as the major direction with a range of 200 metres and an

anisotropy ratio of 0.5. This model can be expressed as:

1 072 064 0.64

072 1 058 0.60 |h| h']
0.05g, (h)+0.55ph| L | +0.455ph{ —~
064 058 1 0.3 ( (1) +0.55p {100] P 1(200

064 060 083 1

1 0 || cos90°  sin90° || &, 0 1]lA
where h'= =
0 0.5 —sin90° cos90° || A, 0.5 0]\h,
Figures 4.2 and 4.3 display the direct and cross semivariograms fitted with this

model.
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Figure 4.1: Direct and cross variogram surfaces for MM22DHC4
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Figure 4.2: Fitted direct semivariograms for MM22DHC4
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41,2 Cross Validation for Cokriging of MVi22DHC4

“ One method of assessing the suitability of a model is to use cross validation.
This technique allows us to compare estimates calculated from our chosen model
using the specified kriging algorithm with the actual data at each sample location.
The cross validation procedure removes one sample data from the data set, estimates
it using the specified model, replaces it then repeats the procedure for all other
sample data in turn.  An analysis of the residuals is then carried out to check for
normality of the errors, presence of outliers and suitability of the neighbourhood

parameters.

The cross validation was carried out for all of the variables in this data set
using ordinary cokriging to perform the estimation, We present here the results for
nickel, those for cobalt, iron and zinc are presented in Appendix B. There was little
difference in the cross validation results of several various search neighbourhoods
investigated. Figure 4.5 shows the cross validation residual analysis for the search
parameters displayed in Table 4.1 and Figure 4.4. The histogram of residuals appears
roughly normally distributed with a few extreme high and low values apparent.
These extreme values are also apparent in both the plots of the true values versus the
fits and the standardised estimates. The location of these values is exhibited in the
base map. These values were verified and as no justification could be made for their
removal, they were left in the data set. The plot of estimates versus the true values is
reasonably well clustered around the 45° bisector, once again with some deviations.
Finally the mean error and standardised error variance displayed in Table 4.2 are
sufficiently close to the optimal values of zero and one respectively (Bleines et. al,
2001, p. 126). All other neighbourhood search parameters tested failed to further
improve any of these results, Overall the model appears to have reproduced the

sample (exploration) values successfully for all variables.
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- Table 4.1: Neighbourhood search parameters

Number of angular sectors

Minimum number of samples

Optimal number of samples per sector

Search radius (major axis of ellipse) (metres)

220

Search radius (minor axis of ellipse) (metres)

120

Test Window

X (Meter)
600.700.800.900.10001100120013001400.

] 1 I I |

500. 5C0.
X
™ 400. X x — 400, [
[ X X X ¥ oK X X —
®  300. g :? B x X $x x d 300, &
g f@@@ B x o y
s 200, R85 X X XXX R x x 4 200, 2
X X XX X X XX X X
100. | T R L X, X X -] 100.
600.760.800.900.10001100120013001400.
X {Meter)
Figure 4.4: Search neighbourhood for MM22DHC4
Table 4.2: Mean and variance of cross validation residuals
Nickel Cobalt Tron Zinc
Mean | Variance | Mean | Variance | Mean | Variance | Mean | Variance
Error 0.02 1.00 0.02 1.24 0.01 0.66 0.02 0.64
St. Error | 0.01 2.39 0.02 2.57 0.01 1.55 0.02 1.50
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Figure 4.5: Cross validation residual analysis for MM22DHC4 nickel
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4.1.3 Cokriging Estimates of MM22DHC4

Ordinary cokriging of the nickel, cobalt, iron and zinc variables was
performed directly at the grade control coordinates using the search netghbourhood
parameters presented earlier (Table 4.1)., As all variography, modelling and
estimation was performed on the standardised data it was necessary to transform the
estimates by multiplying each value by the sample standard deviation and adding to
this the sample mean. Figure 4.6 shows post plots of the estimates for each of the
'\:ariables along with the post plots of the grade control data. The smoothing nature of
the cokriging algorithm is clearly apparent here. The variability of the grade control
data has not been reproduced particularly well though o*erall the regions of high and
low values have been well represented. The lack of precise representation of the full
variability of the exhaustive data is however & drawback of any regression estimation

technique.

For all four variables the overall appearance of the post plots of the estimates
is consistent with the grade conirol post plots. In particular the estimates along the
north-western, western and southern perimeters are representative of the grade
control values. The values along the eastern perimeter of the study region have been
pasticularly poorly estimated. However most of these values lie outside the region
defined by the locations of the exploration data hence have been estimated using
vajues that are in some cases at least 75 metres away. Nickel seems to have been the
most affected by this as the last line of exploration drill holes consists of high values
only. Zinc is the least affected with pockets of high and low values still well

represented in this region.
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The residual post plots displayed in Figure 4.7 reflect the poor estimation
along the eastern perimeter with some of the highest residuals occurring here. In
general the area of greatest underestimation was the far north-western corner of the
study region. Iron appears to have been affected the most in this area with the
greatest underestimation occurring at the far north-western perimeter and the greatest
overestimation occurring just to the east of this region. In most cases the largest
errors were associated with the areas containing extreme high or low values. Figure
4.8 displays the normal probability plots and histograms of the residuals for nickel,
cobalt, iron and zinc. The histograms of residuals for nickel, iron and zinc are
reasonably symmetric and appear to be approximately normally distributed which is
supported by the linear shape of the normal score plots. The histogram of cobalt
residuals however is negatively skewed. Despite one clear outlying residual, the

normal plot shows an approximately linear shape that is consistent with a normal
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Figure 4.7: Residual post plots for MM22DHC4
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4.2 VARIOGRAPHY AND COKRIGING OF MM22DTOP4

4.2.1 Variography and the Linear Model of Coregionalisation

As the variables in the MM22DTOP4 data set are not intrinsically correlated
it is necessary for us to jointly model the direct and cross semivariograms and build a
linear model of coregionalisation. Goovaerts (1997, p. 114) identifies some practical
guidelines for selecting the basic structures in a linear model of coregionalisation,
These include that every basic structure incorporated in the cross semivariogram
inode] y/h) must be present in both direct semivariogram models y;(h) and y;(h).
Furthermore if a basic structure is not present on a direct semivariogram model it
cannot be incorporated on any cross semivariogram model involving this variable,
However it is not necessary for a cross semivariogram model ¥;(h) o include every

structure that appears in both direct semivariogram models ¥;(h) and y;(h).

The procedure vsed for constructing our linear model of coregionalisation
was to model the direct semivariograms for each of the five variables then use these
basic structures to obtain the best possible fit for the cross semivariograms, In
addition to the direct and cross variogram surfaces for nickel, cobalt and iron
displayed previously in Figure 4.1 those for magnesium are displayed in Figure 4.9.
The direct surface for magnesium is isotropic as is the surface for iron-magnesium.
micheb-magnesium and cobalt-magnesium are anisotropic with the direction of

maxiin:’n continuity being east-west.
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Having obtained a suitable fit on all the direct and cross semivariograms it
was necessary to check the coregionalisation matrices for positive semi-definiteness.
The criterion used to check for this condition is that a matrix whose eigenvalues are
greater than or equal to zero is a positive semi-definite matrix (Datta, 1995, p. 22).
Furthermore a symmetric diagonally dominant matrix with positive diagonal entries
is positive definite. This second characteristic allowed us to modify the
coregionalisation matrices in turn to ensure the positive semi-definiteness condition
was met. This meant a combination of increasing the values on the main diagonals
and decreasing the values on the off diagonals until a positive semi-definite matrix
was achieved. Having deduced one matrix, the others were modified such that the
sum of the coefficients for each basic model equalled the total sill for that
semivariogram. The process of creating a diagonally dominant matrix was then
repeated for the next coregionalisation matrix and so on until all three matrices were
positive semi-definite. While it is recognised here that these matrices may not be
optimally positive semi-definite (as for the minimised weighted sum of squares
algorithm outlined in Goovearts (1997)) with only four variables it was possible to
deduce the positive semi-definite matrices manually in order to provide an adequate
fit.
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The final mode] selected consists of three basic structures, a nugget effect and
two spherical structures. The eigenvalues corresponding to each coregionalisation

matrix arc displayed in Table 4.3 confirming that the model is permissible.

Table 4.3: Eigenvalues correspending to each of the coregionalisation matrices

Nugpget | Spherical 1 ] Spherical 2
0.02 0.09 0.01
0.05 0.13 0.13
0.07 0.30 0.70
0.18 0.76 1.60

The first spherical structure is isotropic and has a range of 75 metres. The second
spherical structure is modelled with the direction of maximum continuity in the cast-

west direction and has a range of 200 metres and an anisotropy ratio of 0.7. This

model can be expressed as:
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Figures 4.10 and 4.11 display the direct and cross semivariograms fitted with this

(permissible) linear model of coregionalisation.
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4.2.2 Cross Validation for Cokriging of MM22DTOP4

The cross validation was carried out for all of the variables in this data set
using ordinary cokriging for the estimation, We present here the results for nickel,
those for cobalt, magnesium and iron are presented in Appendix B. Several
neighbourhood parameters were investigated with little difference in results. Figure
4.13 shows the cross validation residual analysis for the search parameters displayed
in Table 4.4 and Figure 4.12. Note that the minimum number of points in this case
was set to three. While this may appear to be too small, however, there was a group
of nine locations at the extreme northern perimeter of the study region that could not
be estimated using a minimum of four points. An increase in the size of the search
neighbourhood was considered. However as the affected points were outside the
region of sample data, hence extrapolated, it was deemed more appropriate to reduce
the number of points to three. In this way the extreme locations could be estimated
without affecting the satisfactory performance of the search parameters for the

remainder of the region.

The cross validation residuals appear to be roughly normally distributed and
the plot of estimates versus the true values is well clustered around the 45° bisector,
with only two obvious outliers. The mean errors displayed in Table 4.5 are
sufficiently close to zero and the standardised error variance is sufficiently close to
the ideal value of one respectively. Overall the model appears to have reproduced the

sample values successfully for all variables.

Table 4.4: Neighbourhood search parameters

Number of angular sectors 4
Minimum number of samples 3
Optimal number of samples per sector 4

Search radius (major axis of ellipse)} (metres) | 220

Search radius (minor axis of ellipse) {metres) | 100
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Figure 4.13: Cross validation residual analysis for MM22DTOP4




Table 4.5: Mean and variance of cross validation residuals

Nickel Cobalt Magnesium Iron

Mean | Variance { Mean | Variance | Mean | Variance | Mean | Variance

Error 002 ] 087 j002] 135 |-002| 076 | 001 [ 0.64

St. Error | 0.02 185 [002] 196 (-002| 148 | 001 1.45

4.2.3 Cokriging Estimates of MM22DTOP4

The ordinary cokriging of the nickel, cobalt, magnesium and iron variables
was performed using the linear model of coregionalisation discussed earlier, The
estimates were calculated at each of the 1717 grade control sample locations using
the search neighbourhood parameters displayed in Table 4.4. The parameter files for
this cokriging procedure are located in Appendix C. As previously, in section 4.1.3,
it was necessary to transformn the estimates into their unstandardised form by
multiplying each value by the sample standard deviation and adding to this the
sample mean. Figure 4.14 shows post plots of the estimates for each of the variables
along with the post plots of the grade control data. Once again the smoothing nature
of the cokriging algorithm is clearly apparent. The estimates of nickei, cobalt and
iron appear to be similar to those obtained from the cokriging using the intrinsic
coregionalisation model. As the discussion of these variables is analogous to that in

section 4.2.3 we omit it here.

The overall appearance of the post plots of the magnesium estimates is
consistent with the grade contiol values. The estimates along the north-westem,
western and eastern perimeters are representative of the grade control values. The
values along the southern perimeter of the study region have been poorly estimated.
While the areas of high magnesium concentrations have been well represented the
concentrations of lower values have not. This is a result of an under representation of

low values in the southern most line of exploration drill holes.

81



Hickel Nickel Estimates
< Grade Confrol < LMC+ MMZ2DTOP4
b

&

1480

Cabalf Cabalt Estimates
 Grade Confrol = LMC - MM220TOP4

52(

E Magnesium ¢ Magnesium Estimates
:  Grade Confro! & LMC - MM22DTOP4
B T 3]

305
"

580 1025 1480 52D 1035 1480

Iron Iron Estimates
 Grade Control LMC - Mh220TOP4
4 == .

S20

30

580 1035 1480

Figure 4.14: Cokriged estimates — Linear model of Coregionalisation MM22DTOP4

The residual post plots for nickel, cobalt and iron are displayed in Figure 4.15
and are similar to those obtained in the previous section. The residual plot of
magnesium shows a small pocket of overestimated values at the eastern edge of the
study region and a small pocket of underestimated values at the south-eastern
perimeter. Otherwise the residuals are of fairly small magnitude across the entire
study region. The histograms and normal score plots of residuals for nickel, iron and
zinc are similar to those presented in the previous section. Those for magnesium are

displayed in Figure 4.16. The histogram of residuals is reasonably symmetric and
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looks approximately normally distributed. The normal scores plot however deviates

from a straight line along the middle section.
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5 PRINCIPAL COMPONENT KRIGING

In this chapter we demonstrate the estimation technigue of principal
component kriging using the principal components extracted in the eigenanalysis of
the MM22DHC4 data set. As the orthogonality of the principal components extends
to any separation vector h we were able to individually model them. All of the
semivariograms were calculated with 32 lags at a lag spacing of 12.5 metres and a
lag tolerance of 6.25 metres. The directional semivariograms were calculated with an
angular tolerance of 45°. All directional models were assessed for fit in the

intermediate directions (with lag tolerance set to 22.5°).

Once the spatial variability of the principal component scores had been
modelled the estimates at unsampled locations were calculated using ordinary
kriging. All models were cross validated using ordinary kriging and performed
satisfactorily. Once again the software packege used to perform the kriging was
ISATIS. 1717 estimates were obtained for each principal component directly at the
locations of the grade control data. The parameter files for all kriging procedures are
displayed in Appendix C. Having obtained the estimates of the principal component
scores il was necessary (o recalculate the nickel, cobalt, iron and zinc estimates using
the coefficients obtained in the eigenanalysis of the MM22DHC4 data set. These

estimates were then compared to the MM22DGC grade control data.

5.1  Variegraphy of the Principal Components from MM22DHC4

For the first principal component (PCI) the semivariogram surface exhibits
anisotropy with the direction of maximum continuity being ecast-west. This is Turther
supported by the standardised semivariogram surface also displayed in Figure 5.1.
The final model chosen consists of three structures, a nugget effect and two spherical
structures. The first spherical structure is isotropic with a range of 90 metres. The
second spherical structure is anisotropic and is modelled with east-west as the major
direction with a range of 200 metres and with an anisotropy ratio of 0.45. This model

can be expressed as:
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Figure 5.2 shows the directional experimental semivariograms fitted with this linear

model of regionalisation.
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Figure 5.1: Semivariogram and standardised semivariogram surfaces for PC1
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Figure 5.2: Fitted directional semivariograms for PC1

85




Figure 5.3 displays the semivariogram surface for the second principal
component (PC2). The surface does not exhibit any anisotropy which is further
supported by the standardised semivariogram surface also displayed in Figure 5.3.
The final model chosen consists of two structures, a nugget effect and an isotropic

spherical structure with a range of 85 metres. This model can be expressed as:
i
y(h)=0.08g, (h)+0.47Sph o

Figure 5.4 shows the omnidirectional experimental semivariogram fitted with this

linear model of regionalisation.
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Figure 5.4: Fitted omnidirectional semivariogram for PC2

Figure 5.5 displays the semivariogram surface for the third principal
component (PC3). This component exhibits anisotropy with the direction of

maximum continuity at azimuth angle 65°.
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Figure 5.5: Semivariogram surface for PC3

Figure 5.6 displays the directional semivariograms fitted with the final model. It
consists of three structures, a nugget effect and 2 spherical structures. The first
spherical structure is omnidirectional with a range of 50 metres; the second is
modelled in the direction of maximum continuity (azimuth 65°) with a range of 140

metres and an anisotropy ratio of 0.7. This model can be expressed as:
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Figure 5.6: Fitted directional semivariograms for PC3
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ST,

The semivariogram surface of the fourth principal component (PC4)
displayed in Figure 5.7 exhibits both a short range isotropy and a long range
anisotropy. From the semivariogram surface the direction of maximum continuity
appears to be at azimuth angle 65°, whereas the standardised semivariogram surface
suggests north-south (azimuth 0°). Investigatibn of several directional
semivariograms, such as those displayed in Figure 5.8, revealed that the anisotropy in
various directions was not sufficiently marked, hence it was possible to treat the data

as being isotropic.
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Figure 5.7: Semivariogram and standardised semivariogram surfaces for PC4
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Figure 5.8: Directional semivariograms for PC4

The omnidirectional model chosen is displayed in Figure 5.9 and consists of three

structures, a nugget effect and two isotropic spherical structures. The first spherical
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structure has a range of 100 metres and the second has a range of 250 metres. This

model can be expressed as:

h[ lh[
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Figure 5.9: Fitted omnidirectional semivariogram for PC4

-~ 5.2  Cross validation of the Principal Components

Cross validation was carried out individually using ordinary kriging for each
of the principal components. Various search neighbourhoods were investigated with
little difference in the results. The final search neighbourhoods used are displayed in
Table 5.1. We present here the results for the first principal component, the
remaining cross validation results for PC2, PC3 and PC4 are displayed in Appendix
B. Figure 5.10 displays the search neighbourhood for the first principal component
and Figure 5.11 displays the residual analysis of the cross validation. The residual
histogram shows that the errors are roughly normally distributed and the estimates
versus true value plot is reasonably close to the 45° line with the exception of a few
outliers, In all cases the model provided successful estimates. Table 5.2 shows the
mean and variance of the errors and the standardised errors. The mean errors are
sufficiently close to zero and the standardised error variances are sufficiently close to

one.
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Table 5.1: Neighbourhood search parameters

PC1 | PC2 | PC3 | PC4
Number of angular sectors 4 4 4 4
Minimum number of samples 3 3 3 3
Optimal number of samples per sector 4 4 4 4
Search radius (major axis of ellipse) (metres) | 220 | 120 | 190 | 250
Search radius (minor axis of ellipse) (metres) | 110 | 120 | 100 | 250
Rotation (azimuth) 90° | NA | 65° | NA
Test Window
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Figure5.10: Search neighbourhood for PC1
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Figuare 5.11: Cross validation residual analysis for PC1
Table 5.2: Mean and variance of cross validation residuals
PC1 PC2 PC3 PC4
Mean | Variance | Mean | Variance | Mean | Variance | Mean | Variance
Error -0.04 2.27 0.00 0.70 0.01 0.34 0.00 0.15
St. Error | -0.02 2.20 0.01 1.74 0.02 2.35 0.0} 1.85
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5.3  Principal Component Kriging Estimates

The ordinary kriging of each of the principal components was performed at
the 1717 grade control data locations using the neighbourhood search parameters
displayed in Table 5.1. The parameter files used are displayed in Appendix C.
Having obtained the estimates of the principal component scores it was necessary to

calcnlate the individual variable estimates using equation (60} which we recall is
k
Zpor (W) Zakiy( S o +m,

where o; and m; are the sample standard deviation and mean respectively of the ith
variable. The coefficients ay are obtained from the transpose of the matrix of

rigenvectors calculated in the principai component analysis of MM22DHC4.

-0.50 -0.48 -0.51 -0.51
042 -060 050 047
076 -0.64 002 -0.12
004 -006 -070 0.71

A=la,]=Q" =

These calculations were performed using an EXCEL spreadsheet.

Recall fiom section 3.4.2 we determined that if data reduction were the aim
of performing a principal component analysis on the MM22DHC4 data set that we
would retain only the first two principal componenis. These two components
accounted for 89% of the total variability of the original data. In addition to
calculating the estimates of nickel, cobalt, iron and zinc using all four principal
components we also estimated these variables by retaining only the first two
principal components. The estimates of the variables then were obtained by
discarding the estimates of the scores of both the third and fourth principal
components and the last two columns of the matrix of eigenvectors Q. The estimates
from oniy the retained principal components are then calculated using equation (61)

which we recall is

(ir er
Zpcke = Zap!yOK 0'.*'“"
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where o; and my; are the sample standard deviation and mean respectively of the ith
variable and P is the number of principal components retained. The coefficients ap;

for the truncated estimates are:

-0.50 -0.51 -0.51 -0.51
Apz[apf:i:

-042 -0.60 0.50 047

Figures 5.12 shows the post plots of the nickel, cobalt, iron and zinc grade
control data and principal component kriging estimates (all four principal
components), Overall the estimates have reproduced the grade control samples well,
once again though the smoothing nature of the kriging process is apparent. The same
areas of over and underestimation are apparent as for the previous kriging methods.
In fact the post plots are almost identical to those we have already seen. Figure 5.13
shows the post plots of the grade control data and the estimates obtained using only
the first two principal components. Clearly the grade control data have been
reasonably well reproduced with very little difference to those estimates obtained
using all four principal components. The histograms and normal score plots for the
residuals from both types of principal component kriging are very similar to those
presented earlier, hence are omitted here. Figures 5.14 and 5.15 display the residual
post plots for both types of principal component kriging. Both sets of plots are once

again very similar to those of the other kriging methods.
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Figure 5.12: Principal component kriging estimates
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6 Ordinary Kriging

In ihis chapter we demonstrate the estimation technique of ordinary Kriging
using the variables mickel, cobalt, magnesium, iron and zinc from the MM22DEXP
data set. The data were left in their raw (unstandardised) form for this section, In
addition to the grade control data for comparison the estimates obtained from
ordinary kriging were used to assess whether the multivariate techniques enhanced
the estimation, the discussion of which we defer until the next chapter. For the
variography and modelling the same parameters were used as for the previous
methods, that is, all semivariograms were calculated with 32 lags at a lag spacing of
12.5 metres and a lag tolerance of 6.25 metres. The directional semivariograms were

calculated with an aagular tolerance of 435.

The cross validation using ordinary kriging for each of the variables showed
that the models all performed satisfactorily. As previously ISATIS was used for the
estimation. Again 1717 estimates were obtained for each variable directly at the
locations of the grade control data. The ordinary kriging parameter files are also
displayed in Appendix C. The accuracy of the ordinary kriging estimates was

assessed via comparison with the MM22DGC grade control dats,

6.1 Variography of Nickel, Cobalt, Magnesiem, Iron end Zinc

The semivariogram surface for nickel is displayed in Figure 6.1. As expected
it displays the same anisotropies identified earlier in Chapter 4, that is the presence of
two structures, one short range and one long range. The direction of maximum
continuity of the short range structure is ecast-west (azinmuth 90°), which is confirmed
by the standardised semivariogram surface, also displayed in Figure 6.1. The
direction of maximum continuity of the long range structure is approximately
azimuth 70°. Detailed examination of the directional experimental semivariograms,
including those shown if Figure 6.2, revealed that the anisotropy is mo-i pronounced

in the east-west (inajor) and north-south (minor) directions.
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Figure 6.2: Directional semivariograms for nickel

The model selected consists of a nugget effect and two spherical structures.
The first spherical structure is isotropic with a range of 90 metres. The second
spherical structure is modelled with east-west as the major direction with a range of

160 metres and an anisotropy ratio of 0.56. This model can be expressed as:

h| h'
=5g.(h)+12.155ph |— +28.355ph| —
y(h)=5g,(h) P, (90} P [160)

1 0 cos90°  sin90° | | h, 0 1| A,
where h'= ) : =
0 0.56 || —sin90° cos90°| | h, | |-056 0] A,
Figure 6.3 shows the directional semivariograms fitted with this model.
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Figure 6.3: Fitted nickel directional semivariograms

The semivariogram and standardised semivariogram surfaces for cobalt are
displayed in Figure 6.4. The direction of maximum continuity of the anisotropy
clearly looks to be in the east-west direction. The model for cobalt consists of a
nugget effect and two spherical structures. The first spherical structure is isotropic
with a range of 100 metres. The second spherical structure is modelled with east-
west as the major direction with a range of 200 metres and an anisotropy ratio of 0.5.

This model can be expressed as:

h| h'
h)=0.012 +0.16Sph l— +0.138ph| —
y(h) g,(h) ¥4 (100} D [ZOOJ

I 0§ cos90°  sin90° || A, 0 1jh
where h'= =
0 051 —sin90° cos90°|| h 05 0 hy

y

Figure 6.5 shows the directional semivariograms fitted with this model.
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Figure 6.5: Fitted cobalt directional semivariograms

The semivariogram surface for magnesium, displayed in Figure 6.6, exhibits
a short range isotropy and a long range anisotropy. The direction of maximum
continuity is azimuth 330°. This anisotropy is more pronounced in the madogram

surface, also displayed in Figure 6.6.
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Figure 6.6: Semivariogram and madogram surfaces for magnesium

The model for magnesium consists of three structures, a nugget effect and two
spherical structures. The first spherical structure is isotropic with a range of 140
metres. The second spherical structure is modelled in the direction of maximum
continuity azimuth 330° with a range of 300 metres and an anisotropy ratio of 0.5.

This model can be expressed as:

300

. 1 0 || cos330° sin330° || A, 087 —-05|| A
where h'= =
_ ' 0 05| —sin330° cos330°|| A, 025 043 A,

Figure 6.7 shows the directional semivariograms fitted with this model.

h ]
y(h)=135g0(h)+2300Sph(%]+2162Sph( L J
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Figure 6.7: Fitted semivariograms for magnesium

The semivariogram surface for iron is displayed in Figure 6.8. The data are

clearly anisotropic with the direction of maximum continuity being east-west.

¥ ()

ERR R

Béges.eczngl

Figure 6.8: Semivariogram surface for iron

The model for iron consists of three structures, a nugget effect and two spherical
structures. The first spherical structure is isotropic with a range of 75 metres. The
second spherical structure is modelled with east-west as the direction with a range of

185 metres and an anisotropy ratio of 0.54. This model can be expressed as:
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e g - h L ]
| ¥(h)=1030g, (h)+3100Sph [%}167905;;}{1%)

: e |10 [[eos90° singoe\[B]_[ 0 1A,
wriere = =
= 0 0.54 || —sin90° cos90° || h,| |-0.54 0] A,

Figure 6.9 displays the directional semivariograms fitted with this model.
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Figure 6.9: Fitted semivariograms for iron

The semivariogram and standardised semivariogram surfaces for zinc are
displayed in Figure 6.10. The anisotropy is clear here with the direction of maximum

continuity being east-west.
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Figure 6.10: Semivariogram and standardised semivariogram surfaces for zinc
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The final model selected consists of a nugget effect, a spherical isotropic short range
sttucture of 85 metres and an anisotropic long range structure of 200 metres
modelled with east-west as the major direction and an anisotropy ratio of 0.4. This

model can be expressed as:

y(h) =17700g,(h)+ 2742395ph Ll +6015005ph[lJ
’ 85 200

10| cos90°  sin90° || &, 0 1ih
where h'= =
0 0.4]-sin90" cos90° || 2, | |[—04 O] A,

Figure 6.11 shows the directional semivatiograms fitted with this model.
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Figure 6.11: Fitted directional semivariograms for zinc

6.2  Cross Validation of Ordinary Kriging

As for the previous data sets cross validation was carried out for all the
variables for various search neighbourhoods with little difference in the results. The
final search neighbourhoods used in the cross validation and subsequent kriging are

displayed in Table 6.1 with those for nickel displayed in Figure 6.12. We present
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here the cross validation results for nickel, those for cobalt, magnesium, iron and

zinc are displayed in Appendix B. Overall, in all cases, the models have estimated

the sample data values well. In particular for nickel, as displayed in Figure 6.13, the

residual histogram appears to be roughly normally distributed with the exception of a

few values at each tail and the estimates versus the true values plot is reasonably well

clustered around the 45° bisector. The standard error of the mean is close to zero and

although the variance of the standardised errors is relatively high, as displayed in

Table 6.2, it is not high enough to be of concern.

Table 6.1: Neighbourhood search parameters

600.7C¢0.800.900.10001100120013001400,

X (Meter)

Nickel | Cobalt | Magnesium | Iron | Zinc
Number of angular sectors ' 4 4 4 4 4
Minimum number of samples 3 3 3 3 3
Optimal number of samples per sector 4 4 4 4 4
Search radius (major axis) (metres) 180 220 300 210 | 220
Search radius (minor axis) (metres) 110 120 160 110 | 110
Rotation (azimuth) 90° 90° 330° 90° | 90°
Test Window
X (Meter)
600.700.800.900.10001100120013001400.
500, - so00.
~  400. 400. w
o -
g 300. 300. ?
b 200. 200. <
100. 100.

Figure 6.12: Neighbourhood search parameters for nickel
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Figure 6.13: Cross validation residual analysis for nickel
Table 6.2: Mean and variance of cross validation residuals
Nickel Cobalt Magnesium Iron Zinc
Mean | Variance | Mean | Variance { Mean | Variance | Mean | Variance | Mean | Variance
Error [ 002 | 092 [(002| 124 [-0.02] 0.77 {001} 0.69 [0.02| 0.65
St.E|002] 185 1002 254 |-002| 1.85 |0.01]| 196 |002) 1.72
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6.3 Ordinary Kriging Estimates of Nickel, Cobalt, Magnesium,
Iron and Zinc

Ordinary kriging of the nickel, cobalt, magnesium, iron and zinc variables
was performed directly at the 1717 grade control coordinates using the search
neighbourhood parameters presented earlier (Table 6.1). Figure 6.15 shows post plots
of the estimates for each of the variables along with the post plots of the grade
control data and the residuals. As previously the smoothing nature of the kriging
algorithm is clearly apparent here. Overall the estimates have reproduced the grade
control values well. The same areas of over and underestimation are apparent as for
the previous kriging methods. In fact the post plots are once again almost identical to
those we have already seen. Figure 6.14 displays the residual post plots of each of the
variables. Once again we omit the residual histograms and normal score plots as they

are almost identical to those presented earlier.
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Figure 6.14: Residual post plots for ordinary kriging
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7 Comparison of Estimates

The post plots shown earlier in Figures 4.6, 4.14, 5.12, 5.13 and 6.15 show
that, as expected, the ordinary cokriging and ordinary kriging techniques used have
resulted in very similar estimates. The principal component kriging estimates are also
very similar to the other estimates. In addition the principal component estimates
using only the retained principal components are very similar to all other estimates.
This indicates that very little information has been lost by retaining only two
principal components. Figures 7.1 to 7.5 and Tables 7.2 to 7.6 display the descriptive
statistics for each of the variables. Overall all of the kriging techniques used have
reproduced the grade control and exploration descriptive statistics reasonably well. In
all cases the mean and median of the estimates has over estimated that of the
exploration and grade control data. The only exception is zinc where the mean and
median of the estimates are close in value to those of the grade control data. The
values obtained for the mean and median for each variable are very close in value for

each kriging method.

The standard deviation of the estimates in all cases is considerably lower than
that of the grade control and exploration data, yet another indication of the
smoothing of the variability due to the kriging process. This is further supported by
the coefficient of vanation which in all cases is lower for the estimates than that of
the grade control and exploration values. The standard deviation and coefficient of
variation obtained for each very is very similar for each kriging technique used. The
skewness of the histograms of the grade control data for each variable has been weil
reproduced for all variables except cobalt. While the grade control cobalt is strongly
positively skewed the estimates are not, in fact the skewness of the estimates is

around one third of that of the grade control data.

Table 7.1 displays the mean square errors and mean absolute errors for each
variable and each kriging method used. The lowest mean square error for each
variable is coloured red and the lowest mean absolute error is coloured bluc. Overali
for the kriging methods used for each variable the values for these measures are quite

similar. For nickel the lowest mean square error and mean absolute error were
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associated with the principal component kriging estimates. The lowest mean square

error for cobalt is associated with the principal component kriging estimates using

only two principal components. Correct to two decimal places cobalt had identical

values for the mean absolute error for all methods. However correct to four decimal

places the principal component kriging estimates had the lowest value for this

measure. Both the mean square error and mean absolute error for magnesium were

lowest for the estimates obtained from cokriging. The iron mean square error and

mean absolute error were the lowest for the principal component kriging estimates

obtained using only two principal components. For zinc the lowest values for both

error measures were associated with principal component kriging.

Table 7.1: Mean square error and mean absolute error for each method

Nickel Cobalt Magnesium Iron Zinc
MSE 41.71 0.34 NA 2048995 84799931
OCK - ICM
MAE 4.88 0.43 NA 107.91 705.32
MSE 4146 033 3269.59 20003.96 NA
OCK - LMC
MAE 486 043 39.51 106.59 NA
MSE 4050 033 NA 2049771 838231.21
PCK
MAE 48] 043 NA 107.92 699.99
MSE 4251 0.32 NA 18568 .06 884728.72
PCK2
MAE 5.05 0.43 NA 105.29 733.77
MSE 4156 034 3612.69  20365.44 84382591
OK
MAE 487 043 41.09 107.32 701.78
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Figure 7.1 and Table 7.2: Nickel descriptive statistics

GC EXP OCKICMEST OCKLMCEST PCKEST PCK2EST OKEST

Mean 13.05

Median 12.98

SD

1717 124

12X 1717

14.07 15.06 15.09 15.06

13.37 15.15 15.08 15.01

6.64 6.72 4.55 4.32 4.54

Skewness 0.20 0.95 0.38 0.37 0.41

Cv

0.51 048 0.30 0.29 0.30

3 &7 )

15.09

15.10

4.18

0.20

0.28

1717
15.08
15.15
4.42
0.36

0.29
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Figure7.2 and Table 7.3: Cobalt descriptive statistics
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Figure 7.3: Magnesium descriptive statistics

Table 7.4: Magnesium descriptive statistics
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Figure 7.4 and Table 7.5: Iron descriptive statistics
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Figure 7.5: Zinc descriptive statistics

Table 7.6: Zinc descriptive statistics
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Next we consider the question of conditional bias by assessing the Q-Q plots
of the grade control data and estimates of each variable for each of the kriging
techniques used. These plots are displayed in Figures 7.6 to 7.10. It is clear from
these that the overestimation of the mean for the nickel, cobalt, and iron variables has
resulted from significant overestimation of the low values and underestimation of the
high values. Overall nickel and iron appear to be the least affected by conditional
bias. As all of the kriging techniques produced similar estimates for each variable, as

" was expected, there is little differenice in the Q-Q plots.

The underestimation of high values is not too marked for nickel for all
techniques except the principal component kriging where only two principal
components were retained. This technique has grossly underestimated the
particularly high values. The full principal component kriging has the best
performance with regard to underestimation of the high values. There has been
significant overestimation of the low values, particularly around the 5™ to 20"
percentiles, There is little difference between the techniques in the overestimation of
Jow values although after the 25" percentile principal component kriging perforins

marginally better than the others.

For cobalt the underestimation of the high values is significant regardless of
the kriging technique. In this case the principal component kriging (two principal
components) was the worst offender, There has been some overestimation of low
values for this variable, again particularly around the 5™ to 20" percentiles. Overall
principal component kriging is marginally better than the other techniques here,

although all perform similarly.

Magnesium has suffered overestimation across all values although the
cokriging estimates perform somewhat better than the ordinary kriging estimates
from the 80™ percentile. Magnesium was particularly difficult to model with very
erratic semivariograms, Little benefit was gained from examining the other measures
such as the madogram and pairwise relative semivariograms, though these measures
did assist in better defining the ranges of the model. The poor appearance of the Q-Q
plot for this variable indicates that the model has not ade.uately captured the erratic

behaviour of this variable.

The underestimation of high iron values is not as marked as for the other

variables discussed so far. In this case the principal component kriging method
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obtained using only two principal componenis is the worst offender, though certainly
not as significant as seen previously. Ordinary kriging has the best performance from
the 95™ percentile. The overestimation of lower values for iron follows a similar

pattern to nickel and cobalt with little difference in techniques.

For zinc the underestimation of the high values is significant regardless of the
kriging technique. Again the principal component kriging (two principal
components) was the worst offender, though only marginally. The best performer for
this variable was the ordinary cokriging using the intrinsic correlation model. There
has been some overestimation of iow values for this variable, particularly around the
5t tg 15M percentiles. The only technique that differs from the others at the lower end
of the plot is principal component kriging (iwo principal components) with

ma ginally higher overestimation from the 10™ to 35" percentiles.
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Figure 7.8: Q-Q plots for magnesium
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Finally we examine the estimation variance for each of the kriging methods
as displayed in Figures 7.11 and 7.12. For comparative purposes we display the
estimation variance for ordinary kriging using the standardised exploration data. The
estimation variance is clearly highest in the far north-western comner, along the north-
western boundary, in the far south-eastern corner and along the southern boundary of
the study region. These areas all fall outside the region bounded by the exploration
data, i* - we are extrapolating rather than interpolating in these areas. The
estim:.iion variance is lowest around the locations of the exploration data, and is, as
expected, zero at these locations (kriging is an exact interpolator), The estimation
variance was identical for all of the variables estimated using the intrinsic
coregionalisation model. The estimation variance of the principal components gets

successively smaller with each principal component.

While the estimation variance is expected to be lower for the cokriging
estimates this was true in our case for nickel and iron only for the intrinsic
coregionalisation model and nickel only for the linear model of coregionalisation.
Overall the estimation variance for nickel was lower around the locations of the
exploration data, however as we move further away from these points the estimation
variance becomes the same as the ordinary Kriging estimation variance. The
estimation variance of the intrinsic coregionalisation model is lower still than the
other methods. For cobalt the ordinary kriging estimation variance was the same as
that for the intrinsic coregionalisation model, both of which were beiter than those of
the linear model of coregionalisation. For magnesium and iron the ordinary kriging
estimation variance was lower overall than the other methods. For zinc the intrinsic

coregionalisation model yielded the lowest estimation variance.
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8 DISCUSSION AND CONCLUSIONS

Data collection in the earth sciences is rarely limited to just one variable at
each location. Such is the case in mining, where it is common that each drill core
taken wiil be sampled for not just the primary variable of interest but also for other
attributes. These secondary variables are often spatizlly cross correlated with the
primary variable as well as each other. Hence each of the variables sampled may
contain useful information about the others, Multivariate peostatistics allows us to
exploit the relationships among and between the variables with the aim of improving
their estimates at unsampled locations. This is particularly the case when the primary

variable of interest is undersampled in relation to the secondary variables,

This thesis presented the theory and the process of the modelling and
estimation of spatially dependent multivariate data. These methods were illustrated
by application to a multivariate data set from the Murrin Murrin nickel mine near
Laverton in Western Australia. We have demonstrated the use of the classical
multivariate statistical technique principal component analysis in a peostatistical
environment. We have exhibited the development and application of three models of
spatial continuity, namely the intrinsic coregionalisation model, the linear model of
coregionalisation and the linear model of regionalisation. We have used each of these
models to estimate values of the attributes at unsampled locations using ordinary

cokriging, principal component kriging and ordinary kriging.

The data suite MM22D used in this study came from an actual mineralisation
and consisted of two data sets, a grade control (exhaustive) data set and an
exploration (sample) data set. As the data are isotopic we did not have the case where
the primary variable is undersamipled in relation to the secondary variables. This
would be unrealistic in a mining situation when all data are coming from the same
drill core samples. The data suite comprises three dimensional grade and thickness
measuremenis on eight variables: nickel, cobalt, magnesium, iron, aluminium,
chromium, zinc and manganese. For the purposes of this study the data were
transforined to accumulations, hence were considered two dimensional. In order to

demonstrate the different types of models of spatial variability yet remain within the
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scope of an honours thesis we decided to limit the analysis to two four variable
subsets created from the exploration data. One subset consisted of highly correlated
variables (nickel, cobalt, iron and zinc), the other subset was chosen for the

economic importance of the variables (nickel, cobalt, magnesium and iron).

A detailed exploratory data analysis was carrted out on each of the variables
in the MM22DGC and MM22DEXP data sets. Overall the exploration data
reproduced the grade control summary statistics well. Cobalt, aluminium,
rmagnesium and manganese were all strongly positively skewed for both the grade
control and exploration data. It was however decided that a transformation of these
variables was not warranted, A principal component analysis was performed on the
MM22DEXP data set and it was determined (by examining the cross correlograms of
the principal components) that the data were not intrinsically correlated. We then
considered the principal component analysis of the two four variable subsets
MM22DHC4 and MM22DTOP4. It was determined that the former subset was
intrinsically correlated. In both cases the principal components extracted could be

reasonably well interpreted.

The first estimation technique we investigaled was ordinary cokriging. In
order to implement the cokriging algorithm we required a permissible model of the
spatial varability of the variables being estimated. The first model that we
demonstrated was the intrinsic coregionalisation model using the MM22DHC4 data
set. The intrinsic coregionalisation model is a particular example of the linear model
of coregionalisation where all of the sills of the basic semivariogram models are
proportional to each other, Under the assumption of second-order stationarity the
matrix of coefficients was for our data set the correlation matrix. As we were dealing
with standardised data we required that the sills of the basic models summed to one.
The actual modelling process then for this data set was relatively simple in that it
consisted of identifying the basic structures that captured the spatial variability of the
variables and determining their corresponding sills. The conditions for this type of
model though are restrictive and in practice the intrinsic model rarely fits

experimental coregionalisations (Gooevaerts, 1997, p. 117).

The second model we investigated was the more general linear model of
coregionalisation which was demonstrated using the MM22DTOP4 data set. The
difficulty with this type of model lies not only in the fact that each of the
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NN, + 1)/2 (10 in our case} direct and cross semivariogram models must be jointly
inferred, but that each of the coregionalisation matrices must be positive semi-
definite. In order to ensure that the linear model of coregionalisation we were
building was indeed permissible it was necessary to first determine jointly the basic
set of structures that best captured the characteristics of the direct semivariograms
(nickel, cobalt, magnesium and iron). It was then necessary to restrict our choice of
structures for the cross semivariograms to those used for the direct ones. Having
obtained a model with a suitable fit on all direct and dross semivariograms it was
necessary to make the coregionalisation matrices positive semi-definite. As we were
dealing with fairly small coregionalisation matrices we did this manually using the
property of diagonal dominance. This process can indeed be tedious, time consuming
and frustrating, and in addition may not be optimal, so for larger coregionalisation
matrices an iterative procedure, such as that outlined in Goovaerts (1997) is

recommended,

The estimates obtained from cokriging using both medels were compared to
the grade control data, which we considered to be reality for this study., We
compared the postplots of the estimates with those of the grade control data. In both
cases the cokriging estimates captured the overall spatial distribution of the grade
contro] data. In addition we compared the descriptive statistics of the estimates
obtained for each variable with those of the grade control data. In all cases the mean
and median of the estimates has over estimated that of the exploration and grade
control data. The only exception is zinc where the mean and median of the estimates
were close in value to those of the grade control data, The standard deviation of the
estimates from both cokriging cases was considerably lower than that of the grade
control and exploration data, which is an indication of the smoothing of the
variability due to the cokriging process. The residual analysis for both cokriging
methods showed the residuals to be approximately normally distributed with the only
exception being cobalt. In both cases the histograms of the cobalt residuals were

negatively skewed,

The second estimation technique we investigated was principal component
kriging. The overriding assumption of this technique is that the data are intrinsically
correlated. Hence we used the principal components extracted from the MM22DHC4

data set for this method. In order to perform the ordinary kriging of the principal
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component scores we were required individually model the spatial variability of the
principal component scores using a lincar model of regionalisation. We then used
ordinary kriging to estimate the principal component scores at unsampled locations
and recalculated the estimates of the original variables using the corresponding
coefficients from the matrix of eigeavectors. In addition to estimating the variables
using all four principal components we kriged only the first two (which accounted
for 89% of the total variability of the original data) and calculated our estimates

using only these,

The estimates obtained from both forms of principal component kriging were
compared with the grade control data. Overall, for all variables, the post plots of the
estimates in both cases have reproduced those of the grade control values reasonably
well. In additicn the descriptive statistics of the estimates were compared to those of
the grade control data. Once again the mean and median of the nickel, cobalt and iron
estimates have overestimated those of the grade control data while those for zinc are
close in value. The standard deviation is considerably lower for all four variables
estimated than for the grade control data. The residual analysis confirmed that the
residuals were approximately normally distributed with cobalt once again being the
only variable to not cenform this. What is most significant here is that the estimates
obtained by using only the first two principal components are remarkably close in

value to those obtained using all four,

The ordinary kriging estimates were alsc obtained for the nickel, cobalt,
magnesivm, iron and zinc variables. As for the individual principal components this
involved obtaining a linear model of regionalisation for each of the variables
individually. As the data we used were isotopic it was anticipated that the estimates
obtained in the ordinary kriging method would be similar to those obtained from the
other methods. This was irdeed the case with all estimates for each variable being
almost identical. In particular in the case where the data are intrinsically correlated
the ordinary cokriging and ordinary krging estimates are expected to be equivalent.
This was especially reflected in the Q-Q plots where the dark blue ordinary cokriging
(intrinsic coregionalisation model) line is comypletely covered by the orange ordinary
Kriging line.

The only significant difference between methods was for magnesium where

the ordinary cokriging estimates slightly improved on the overestimation experienced
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across all values for this variable. The only other major difference between methods
was that estimates obtained from the principal component kriging using only the first
two principal components consistently underestimated the higher values to a greater

extent than the other methods.

In conclusion then the estimates obtained from the various kriging methods
have confirmed that in the case of isotopic data, in particular when the data are
intrinsically correlated, there is little practical benefit to be obtained from cokriging.
The true benefits of cokriging are only fully appreciated when the primary variable is
undersampled in relation to the secondary variables and those secondary variables
are well correlated with the primary variable. A combination of technological
advances has lessened the practical and computational disadvantages of multivariate
geostatistical methods. There have been marked improvements in the development of
geostatistical software that allows interactive modelling simultaneously of both direct
and cross semivariograms. In addition there are now available automated iterative
procedures, such as those offered in the software package AGROMET, for
determining the positive semi-definite coregionalisation matrices. With increased
processing power the computational expense solving of large kriging matrices is

becoming less of an issue.

This study also raised the question as to the benefits of using principal
component kriging. As this technique relies on the data being intrinsically correlated
we are able to individually model and krige the principal components. However if
the data are intrinsically correlated then there is no benefit in using cokriging as these
estimates are equivalent to the kriging estimates. Either way we are required to
individually model and krige either N, variables or N, principal components. From
the estimates obtained in this study using principal component kriging with both four
and two principal components there was little difference in the results. This would
suggest then that the real benefit in using principal component kriging is when we
are able to reduce the number of principal components retained, effectively reducing
the number of variables to be modelled and estimated. To be of real benefit however
one would want the number of principal components to be retained to be
significantly less than the number of original variables, yet still account for the

majority of the variability of the original data.
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APPENDIX A: PRINCIPAL COMPONENT ANALYSIS OF

TRANSFORMED DATA

Here we consider the appropriateness of the transformation of the strongly
skewed variables cobalt, magnesium, aluminium and manganese. We firstly review

the eigenanalysis of the original data as covered in section 3.4.1

Table Al: Eigenanalysis of the correlation matrix of MM22DEXP

Eigenvalue 4.293 1.184 1.047 0607 0326 0279 0.154 0.109
Proportion 0.537 0.148 0.131 0076 0.041 0.035 0019 0.014

Cumulative 0.537 0.685 0.815 (.892 0932 0967 0986 1.000

Variable PCl PC2 PC3 PC4 PC3 PCé6 PC7 PC8

NI -0.409 0082 0,133 -0277 -0401 -0.739 00% 0.121
Co -0.407 0.153 0368 0201 -0.258 0233 -0.213 -0.685
MG -0.180 0.650 -0.365 -0.571 0.18 0195 -0.063 -0.095
FE -0416 -0.288 -0.168 -0.004 0343 0036 0.730 -0.253
AL -0.243 0301 -0.565 0.698 -0.062 -0.154 -0.073 0.106
CR -0.340 -0422 -0.331 -0201 -0510 0459 -0.130 0.261
ZN -0.404 -0.320 0.007 -0.055 0582 -0.172 -0.599 0.065
MN -0351 0305 0507 0162 0.4030 0308 0.169 0600
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Figure Al: Scree plot of eigenvalues for the principal component analysis of
MM22DEXP

We then performed a principal component analysis on the correlation matrix
of the raw nickel, iron, chromium and zinc data together with the log transformed
cobalt, magnesium, aluminium and manganese data. The results of this principal
component analysis are very similar to those obtained using the raw data and are
displayed in Table A2. The principal components extracted 58.2%, 15.7%, 8.7%,
6.6%, 4.0%, 3.8%, 1.9% and 1.0% of the total variance. Only the first two
components have eigenvalues greater than one and together account for only 74% of
the variability of the original data. By incorporating the third principal component
this value is increased to 82.6% and by the fourth principal component we have
accounted for 89.3% of the variability of the original data. As with the untransformed
case the scree plot in Figure A2 reveals that the eigenvalues appear to level off after
the fifth component. Again the eigenvalue for this component is small, only 0.322,
hence it would be of no benefit to retain it. As for the untransformed case if data
reduction was the objective only the first four principal components (which account

for 89.3% of the variability of the original data) would be retained.

135



Table A2: Eigenanalysis of the correlation matrix of MM22DEXP with log

transformed cobalt, magnesium, aluminivm and manganese

Eigenvalue 4.659 1.259 0.694 0530 0322 0306 0.150 0.080

Proportion  0.582  0.157 0.087 0.066 0.040 0.038 0.019 0.010

Cumulative 0.582 0.740 0.826 0.893 0933 0971 0.990 1.000

Variable PC1 PC2 PC3 PC4 PC5 PCo PC7 PC38

Ni -0388 0071 0230 -0203 -0.645 0564 0031 0.123

TRCO 0412 0.198 0.141 0377 0212 0178 -0.108 -0.735
TRMG 0234  0.609 -0.131 -0.667 0.094 -0293 0.053 -0.124
FE -0386 -0366 -0.022 -0.121 -0.119 -0.359 -0.746 0.041
TRAL -0.295 0.086 -0.869 0307 -0.175 0.019 0.111 0.117
CR -0327 -0450 -0.137 -0364 0587 0397 0173 0.089
7N . -0382  -0325 0215 0.061 -0.191 -0.523 0619 -0.074
TRMN -0.368 0369 0300 0356 0325 -0.058 -0.046 0.633
5_
4
3 o
K
=
S 2
]
11—
0—
| | T T T T T T
1 2 3 4 5 6 7 8
Component Number

Figure A2: Scree plot of eigenvalues for the principal component analysis of

MM22DEXP with log transformed cobalt, magnesium, aluminium and manganese
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We next consider the viability of the transformation of the highly skewed
variables cobalt, magnesium, aluminium and manganese by assessing the effect on
the principal component analyses. The cigenvalues in each are case veov close in
value with the cumulative proportion of variability almost identical by the fousth
component, The eigenvalues of the first and second principal components are
somewhat higher for the transformed data while the third eigenvalue for this data set
is somewhat lower. There have been numerous small changes in some of the
elements of the coefficient vectors, namely in the first analysis nickel, cobalt, iron
and zinc dominate the first principal component, all with fairly equal weighting. In
the second analysis, the transformed cobalt receives the greatest weight while nickel,
iron, zinc and transformed manganese have lower, fairly even values. Similar
changes have occurred in the subsequent principal components, though they all

appear to be small.

Figures A3 and A4 display the scatter plots of the scores of the first four
principal components for each analysis. There does appear to be some slight
curvature in some of the plots in Figure A3, in particular those between PCSI, PCS2
and PCS3, suggesting that the data may benefit from a transformation. By
comparison, the scatter plots in Figure A4 do appear to be less correlated and circular
in shape, suggesting that the transformation has somewhat improved the analysis,
However given that the results of the two principal component analyses are very
similar, the curvature in the plots in Figure A3 is not sufficiently marked and the
dangers of exaggeration of estimation errors we feel that the data do not warrant the

transformation.
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APPENDIX B: CROSS VALIDATION

Cokriging Cross Validation of Cobalt, Iron and Zinc from MM22DHC4

Cross Validation
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Figure B1: Cross validation of cobalt
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Figure B2: Cross validation of iron
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Figure B3: Cross validation of zinc
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Cokriging Cross Validation of Cebalt, Magnesium and Iron MM22DTOP4
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Cross Validation
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Figure B5: Cross validation of magnesium
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Cross Validation
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Figure B6: Cross validation of iron
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Ordinary Kriging Cross Validation of Principal Components
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Figure B7: Cross validation of PC2
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Cross Validation
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146



Cross Validation
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Figure B9: Cross validation of PC4
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Ordinary Kriging Cross Validation of Cobalt, Magnesium, Iron and Zinc

Crosg Validation
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Figure B10: Cross validation of cobalt
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Cross Validation
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Figure B11: Cross validation of magnesium

149



Cross Validation
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Figure B12: Cross validation of iron
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Cross Validation
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Figure B13: Cross validation of zinc
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APPENDIX C: PARAMETER FILES

Ordinary Cokriging of MM2DHC4

| Kriging procedure

Data File Information:
Directory =data
File = stexp
Variable(s) = STNI
Variable(s) = STCO
Variable(s) = STFE
Variable(s) = STAN

Target File Information:
Directory =data
File = hcdceokrig
Variable(s) = stniest
Variable(s) = nisd
Variable(s) = stcoest
Varijable(s) = cosd
Variable(s) = stfeest
Variable(s) =fesd .
Variable(s) = stznest
Variable(s) = znsd

Type = POINT (1717 points)
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Model Name = hcd

Neighborhood Name = neighbourhood hcd - MOVING

Successfully processed = 1717

Written to the disk = 1717

Neighbourhood parameters

Type = MOVING

X-Radius = 220,00m
Y-Radius = 120.00m
Z-Radius = 228.12m

Rotation angle around Z =0 degrees
Rotation angle around Y =0 degrees
Rotation angle around X = {} degrees
Minimum # of information =4
Optimum # of information =4
Number of angular sectors =4
Automatic Sorting on

X-Mesh of sorting grid = 228.12m
Y-Mesh of sorting grid = 228.12m

Z-Mesh of sorting grid 228.12m

It

No Heterotopic Search
No Minimum Distance used between Data Points

No Maximum Distance without Samples
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No Maximum Number of Consecutive Empty Sectors

Model : Covariance part

Number of variables =4
- Variable 1 : STNI
- Variable 2 . 3TCO
- Variable 3 : STI'C
- Variable 4 : STZN

Number of basic structures =3

S1: Nugget effect

Variance-Covariance matrix :

Variable 1 Variable 2 Variable 3 Variable 4

Variable 1  0.0500 0.0360
Variable 2 0.0360 0.0500
Variable 3  0.0320 0.0290

Variable 4  0.0320 0.0300

52 : Spherical - Range = 100.00m

Variance-Covanance matrix :

0.0320
0.0290
0.0500

0.0415

0.0320
0.0300
0.0415

0.0500

Variable 1 Variable 2 Variable 3 Variable 4

Variable 1  0.5000 03600 0.3200 0.3200

Variable 2  0.3600 0.5000 0.2900 0.3000

Variable 3 03200 0.2900 0.5000 0.4150
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Variable 4 03200 03000 04150 0.5000

S3: Spherical - Range = 100.00m

Directional Scales =( 200.00m,

100.00m, 100.00m)

Local Rot (mathematician)=( 0.00, 0.00, 0.00)

Local Rot (geologist)

=( 90.00, 0.00, 0.00)

Variance-Covariance matrix :

Variable 1 Varable 2 Variable 3 Variable 4

Variable 1
Variable 2
Variable 3

Variable 4

0.4500

0.3240

0.2880

0.2880

0.3240  0.2880
0.4500 0.2610
0.2610  0.4500

0.2700 0.3735

0.2880
0.2700
0.3735

0.4500
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Ordinary Cokriging of MM22DTOP4

Kriging procedure

Data File Information:
Directory =data
File = Stexp
Variable(s} = STNI
Variable(s) =STCO
Varjable(s) = STMG
Variable(s) =STFE

Target File Information:
Directory =data
File = topdcokrig
Variable(s) = siniest
Variable(s) = nisd
Variable(s) = stcoest
Variable(s) =cosd
Variable(s) = stmgest
Variable(s) =mgsd
Variable(s} =stfeest
Variable(s) =fesd
Type =POINT (1717 points)

Model Name — =top4

Neighborhood Name = neighbourhood top4 - MOVING
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Successfully processed = 1717
Wiittento thedisk = 1717

Neighbourhood parameters

Type = MOVING

X-Radius = 220.00m
Y-Radius = 100.00m
Z-Radius = 228.12m

Rotation angle around Z = 0 degrees
Rotation angle around Y = 0 degrees
Rotation angle around X = 0 degrees
Minimum # of information =3
Optimum # of information =4
Number of angular sectors = 4

Automatic Sorting on

X-Mesh of sorting grid = 228.12m
Y-Mesh of sorting grid = 228.12m
Z-Mesh of sorting grid = 228.12m
No Heterotopic Search

No Minimum Distance used between Data Points
Ne Maximum Distance without Samples

No Maximum Number of Consecutive Empty Sectors
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Model : Covariance part

Number of variables =4
- Variable 1: STNI

- Variable 2: STCO

- Variable 3 : STMG

- Variable 4 : STFE

Number of basic structures =3

S1: Nugget effect
Variance-Covariance matrix :
Variable 1 Variable 2 Variable 3 Variable 4
Variablel 0.1000 00500 0.0300 0.0000
Variable2 0.0500 0.0900 0.0500 0.0000
Variable3 0.0300 00500 0.0800 0.0200

Variable4 0.0000 00000 0.0200 0.0500

52 : Spherical - Range = 75.00m
Variance-Covariance matrix :
Variable 1 Variable 2 Variable 3 Variable 4
Variablel 0.2700 0.1700 0.0300 0.1900
Variable2 0.1700 05100 0.0000 0.1700
Variable3 0.0300 0.0000 0.1000 Q.0400

Variable4 0.1900 0.1700 0.0400 0.4000

53 ; Spherical - Range = 140.00m
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Directional Scales = ( 200.00m, 140.00m, 140.00m)
Local Rot (mathematician)={ 0.00, 0.00, 0.00)

Local Rot (geologist) ={ 90.00, 0.00, 0.00)

Variance-Covariance matrix :

Variable 1 Variable 2 Variable 3 Variable 4
Variable 1  0.6300 0.5000 0.3000 0.4500
Variable 2 0.5000 0.4200 0.1800 0.4000
Variable 3 03000 0.1800 0.8200 0.1200

Variable 4 0.4500 04000 0.1200 0.5500
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Ordinary Kriging of the Principal Component Scores

Legend: pel (pc2) (pe3) (ped)

| Kriging procedure -

Data File Information:
Directory = data (data) (data) (data)
File = pcahc4 (pcahc4) (pcahcd) (peahed)

Variable(s) = pel (pc2) (pe3) (ped)

Target File Information:

Directory = pclest (pc2est) (pc3est) (pedest)

File = pelest (pc2est) (pc3est) (pedest)

Variable(s) = pclest (pc2est) (pe3est) (pedest)

Variable(s) = pclsd (pe2sd) (pe3sd) (pedsd)

Type =POINT (1717 points) (1717 points) (1717 points) (1717 points)
Model Name =pel (pe2) (pc3) (ped)

Neighborhood Name = pcl (pc2) (pe3) (ped) - MOVING

Successfully processed = 1717 (1717) (1717) (1717)

Writtentothe disk = 1717 (1717) (1717) (1717)

Neighbourhood parameters

Type = MOVING
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X-Radius
Y-Radius

Z-Radius

= 220.00m (120.00m)(190.00m) (250.00m)
= 120.00m (120.00m) (100.00m) (250 00m)

= 228.12m (228.12m) (228.12m) (228.12m)

Rotation angle around Z =0 degrees (25 degrees) (0 degrees) (0 degrees)

Rotation angle around Y =0 degrees (0 degrees)(0 degrees) (0 degrees)

Rotation angle around X = 0 degrees (0 degrees)(0 degrees) (0 degrees)

Minimum # of information =3 (3) (3) (3)

Optimum # of information =4 (4) (4) (4)

Number of angular sectors = 4 (4) (4) (4)

Automatic Sorting on

X-Mesh of sorting grid = 228.12m (228.12m) (228.12m) (228.12m)
Y-Mesh of sorting grid = 228.12m (228.12m) (228.12m) (228.12m)
Z-Mesh of sorting grid = 228.12m (228 12m) (228.12m) (228 12m)

No Heterotopic Search

No Minimum Distance used between Data Points

No Maximum Distance without Samples

No Maximum Number of Consecutive Empty Sectors

Model : Covariance part

Number of variables =1

- Variable 1 : pcl

Number of basic structures = 3

S1 : Nugget effect
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Sill= 0.1000
S2 : Spherical - Range = 90.00m
Sill= 0.4700
S3 : Spherical - Range = 90.00m
Sill= 2.4700
Directional Scales =( 200.00m, 90.00m, 90.00m)
Local Rot (mathematician)=( 0.00, 0.00, 0.00)

Local Rot (geologist) =( 90.00, 0.00, 0.00)

Model : Drift part

Number of drift functions =1

- Universality condition

Model : Covariance part

Number of variables = |
- Variable 1 : pc2
Number of basic structures = 2
S1 : Nugget effect
Sill= 0.0800
S2 : Spherical - Range = 85.00m

Sill=0.4700

Model : Drift part
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Number of drift functions = 1

- Universality condition

Model : Covariance part

Number of variables |

- Variable 1 : pc3

Number of basic structures = 3

S1 : Nugget effect
Sill= 0.0100

S2 : Spherical - Range = 50.00m
Sill=  0.0500

S3 : Spherical - Range = 98.00m
Sill=  0.2150

Directional Scales=( 140.00m, 98.00m,

98.00m)

Local Rot (mathematician)=( 25.00, 0.00, 0.00)

Local Rot (geologist) =( 65.00, 0.00, 0.00)

Model : Drift part

Number of drift functions = 1

- Universality condition

Model : Covariance part

Number of variables =1
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- Variable 1 : ped -

Number of basic structures = 3

S1 : Nugget effect
Sill=0.0180

S2 : Spherical - Range = 100.00m
Sill=  0.0650

S3 : Spherical - Range = 250.00m

Sill = 0.0920

Model : Drift part

Number of drift functions = |

- Universality condition
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Ordinary Kriging of Nickel, Cobalt, Magnesium, Iron and Zinc

Legend: nickel (cobalt) (magnesium) (iron) (zinc)

| Kriging procedure -

Data File Information:
Directory = ok (ok) (ok) (ok) (ok)
File = exp (exp) (exp) (exp) (exp)

Variable(s) = ni (co) (mg) (fe) (zn)

Target File Information:
Directory = ok (ok) (ok) (ok) (ok)
File = niest (coest) (mgest) (feest) (znest)
Variable(s) = niest (coest) (mgest) (feest) (znest)
Variable(s) = nisd (cosd) (mgsd) (fesd) (znsd)

Type =POINT (1717 points) (1717 points) (1717 points) (1717 points) (1717
points)

Model Name =ni (co) (mg) (fe) (zn)

Neighborhood Name = ni (co) (mg) (fe) (zn) - MOVING

Successfully processed = 1717717717 (1717 (1717)

Written to the disk = 1717 (1717) (1717) (1717) (1717)

Neighbourhood parameters

Type = MOVING
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X-Radius = 180.00m (220.00m)(300.00m) (210.00m)(220.00m)
Y-Radius = 110.00m (120.00m) (160.00m) (110.00m)(110.00m)
Z-Radius = 228.12m (228.12m) (228.12m) (228.12m)(228.12m)

Rotation angle around Z = 0 degrees (0 degrees) (120 degrees) (0 degrees) (0

degrees)

Rotation angle around Y =0 degrees (0 degrees)(0 degrees) (0 degrees) (0 degrees)

Rotation angle around X = 0 degrees (0 degrees)(0 degrees) (0 degrees) (0 degrees)

Minimum # of information =3 (3) (3) (1) (3)
Optimum # of information =4 (4) (4) (4) (4)
Number of angular sectors =4 (4) (4) (4) (4)

Automatic Sorting on

X-Mesh of sorting grid = 228.12m (228.12m) (228.12m) (228.12m)
Y-Mesh of sorting grid = 228.12m (228.12m) (228.12m) (228.12m)
Z-Mesh of sorting grid = 228.12m (228.12m) (228.12m) (228.12m)

No Heterotopic Search
No Minimum Distance used between Data Points
No Maximum Distance without Samples

No Maximum Number of Consecutive Empty Sectors

Model : Covariance part

Number of variables =1
- Variable 1 : NI
Number of basic structures = 3
S1 : Nugget effect
Sill= 5.0000
S2 : Spherical - Range = 90.00m
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Sill= 12.1500

S3 : Spherical - Range = 89.60m
Sill= 28.3500
Directional Scales=( 160.00m, 89.60m, 89.60m)
Local Rot (mathematician)= ( 0.00, 0.00, 0.00)
Local Rot (geologist) =( 90.00, 0.00, 0.00)

Model : Drift part

Number of drift functions = 1
- Universality condition

Model : Covariance part

Number of variables =]

- Variable 1 : CO

Number of basic structures = 3

S1 : Nugget effect
Sill= 0.0120

S2 : Spherical - Range = 100.00m
Sill=  0.1600

S3 : Spherical - Range = 100.00m
Sill=0.1300
Directional Scales =( 200.00m, 100.00m, 100.00m)
Local Rot (mathematician)=( 0.00, 0.00, 0.00)
Local Rot (geologist) =( 90.00, 0.00, 0.00)

Model : Drift part

Number of drift functions = 1

- Universality condition
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Model : Covariance part

Number of variables =1
- Variable 1 : MG
Number of basic structures = 3
S1: Nugget effect
Sill = 135.0000
S2 : Spherical - Range = 140.00m
Sill = 2300.0000
S3 : Spherical - Range = 150.00m
Sill = 2162.0000
Directional Scales=( 300.00m, 150.00m,

150.00m)

Local Rot (mathematician)= ( 120:00, 0.00, 0.00)
Local Rot (geologist) =(-30.00, 0.00, 0.00)

Model : Drift part

Number of drift functions = 1

- Universality condition

Model : Covariance part

Number of variables =1
- Variable 1 : FE
Number of basic structures = 3
ST : Nugget effect
Sill = 1030.0000
S2 : Spherical - Range = 75.00m
Sill = 3100.0000
S3 : Spherical - Range = 99.90m
Sill = 16790.0000
Directional Scales =( 185.00m,  99.90m,

99.90m)

Local Rot (mathematician)= ( 0.00, 0.00, 0.00)
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Local Rot (geologist) =( 90.00, 0.00, 0.00)

Model : Drift part

Number of drift functions = 1

- Universality condition

Model : Covariance part

Number of variables =]

- Variable 1 : ZN

Number of basic structures = 3

S1 : Nugget effect
Sill = 17700.0000

S2 : Spherical - Range = 85.00m
Sill = 274239 0000

S3 : Spherical - Range = 80.00m
Sill = 601500.0000

Directional Scales =( 200.00m, 80.00m,

80.00m)

Local Rot (mathematician)=( 0.00, 0.00, 0.00)
Local Rot (geologist) =( 90.00, 0.00, 0.00)

Model : Drift part

Number of drift functions =1

- Universality condition
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Date: 12" November 2002

David Selfe

Anaconda Operations
Locked Bag 4

Welshpoo! Delivery Centre

Pilbara Street Welshpool, WA Anﬂcondﬂ

Ute Muetler
School of Engineering and Mathematics
Edith Cowan University, WA

Dear Ulte,
Re: Anaconda Multivariate Data Set

I refer to the e-mail sent by you on the 5" November 2002. Anaconda gives its permission for
publication of research results on the data supplied to you by Mark Murphy on the following
basis:

« Raw data is not published,

s Original coordinate dala will not be published and any published data will be made
anonymous by changing locations.

» Anaconda will be informed and given a copy of any publications,

= Anaconda will receive due acknowledgement of it’s support of the work, and it’s
permission for the publication of the results,

= This permission is only applicable to the studies of Ms Ellen Bandarian, any further
use of the data will require separate permission 10 be granted from Anaconda.

Yours Sincerely

David Selfe

Chief Production Geologist

Anaconda Operations Pry Lid Manager ol the Murrin Murrin
ABMZACN 41076 717 505 Nickel Cobalt Project for
Level )2, Quayside Bldg Anuconda Mickel Lid
2 Ml Strest, Perth WA B0(K) and Glencore Intemational AG

PO Box 7512, Perth WA 6850
Tel: 6189212 8500

Fax: 61 89212 850} Permission letter 112002.doe
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