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Abstract

In this thesis, the problem of robust variable structure control for non-linear rigid
robotic manipulators is investigated. Robustness and convergence results are
presented for variable structure control systems of robotic manipulators with bounded
unknown disturbances, nonlinearities, dynamical couplings and parameter
uncertainties. The major outcomes of the work described in this thesis are

summarised as given below,

The basic variable structure theory is surveyed, and some basic ideas such as sliding
mode designs, robustness analysis and controller design methods for linear or non-linear
systems are reviewed. Three recent variable structure control schemes for robotic
manipulators are discussed and compared to highlight the research developments in this

area.

A decentralised variable structure model reference adaptive control scheme is proposed
for a class of large scale systems. It is shown that, unlike previous decentralised variable
structure control schemes, the local variable structure controller design in this scheme
requires only three bounds of the subsystem matrices and dynamical interactions instead
of the upper and the lower bounds of all unknown subsystem parameters. Using this

scheme, not only asymptotic convergence of the output tracking error can be guaranteed,

but also the controller design is greatly simplified. In order to eliminate chattering caused -

by the variable structure technique, local boundary layer controllers are presented.
Furthermore, the scheme is applied to the tracking control of robotic manipulators with
the result that strong robustness and asymptotic convergence of the output tracking error

are obtained.
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Chapter 1

Introduction

1.1 Background

First computer-controlled robotic manipulator was designed thirty-four years ago, and
still, it is a very active research field in both theory and applications. A number of
books and survey papers have been published (Craig, 1986, 1988; Warwick and
Pugh, 1988; Rehg, 1985; Ortega and Spong, 1988; Abdallah, et al., 1991). This thesis

~contributes to a further study on the control of robotic manipulators,

The control of robotic manipulators, in general, is concerned with the efficient
" managements of robotic manipulator systems. Due to the fact that robotic
manipulators have high nonlinearity, large system uncertainties, strong dynamical
couplings and external disturbances, it is generally difficult to design a simple

controller which can guarantee high quality performance for robotic manipulators.

In the early days, low-level control of industrial robots 'wa.s accomplished through thé
simple servo control of individual joints (Horn and Railbert, 1978; Van Brussel and
Vastman, 1984; Silva, 1984, 1989), This approach has several disadvantages.
Primarily, since servo parameters are set at constant values during each cycle.ot' robot

operation, these control parameters cannot adapt to compensate for robot
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nonlinearities and parameter variations. Furthermore, an effective compensation for
dynamical coupling among the joints of a robotic manipulator is impossible through

the simple servo control.

To deal with the above difficulties, some linearization control techniques were
developed. For example, in'the work of Desa and Roth (1985), Whitehead et al.
(1985) and Luh (1983), a Taylor series expansion is used to linearize the nonlinear
dynamic equation for a general robotic manipulator, A feedback controller is then
designed to compensate the nonlinearities and dynamical couplings so that good
system performance can be achieved. Later, however, the physics and the special
structure of the robotic manipulator equation, coupled with the fact that the
generalised torque input vector provides an independent input for each degree of
freedom, led to the global feedback linearization for robotic manipulators (Kreutz,
1989). However, it came to be realised that these linearization control schemes are
based on some very restrictive assumptions. For example, it is assumed that
symmetric positive-definite inertia matrix and the vector containing coriolis,

centrifugal forces and gravity torques in the robotic dynamical equation are exactly

+ known. Unfortunately, these assumptions are rarely satisfied in real robotic systems,

and the violation of the ideal conditions can lead to failure of the linearization control

schemes.

Later, several modified linearization control schemes were proposed by a number of
researchers (Spong and Vidyasagar, 1987; Abdallah and Jordan, 1990; Aiidcrson et
al,, 1989; Tarn et al., 1984; Shoureshi, 1990; Craig, 1988). In these control schemes,
the known system dynamics is used to build up a nominal system model, and a
nominal feedback controller is then designed. In order to deal with system
uncertainties and external disturbances, a feedback compensator is designed so that
the poles of the closed loop system are placed sufficiently far in the left-half-plane.
The advantages of these modified control schemes are that large system uncertainties

can be considered and the wealth of linear feedback techniques can be used in the

-~
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linear outer loop. However, the output tracking error cannot converge to zero and the
high-gain control law may be the outcome in order to achieve robustness by the use of

these control schemes,

With the rapid developments of adaptive control theory, many adaptive control
approaches were developed ‘for robotic manipulators where some useful structural
properties of robotic manipulators are exploited to devise a suitable adaptive
controller which does not necessarily linearize the plants. In Craig et al.(1987), the
dynamic equation of a robotic manipulator is expressed in a linear function of
unknown parameters, and controller is then designed by the use of paramefer
estimates so that the output tracking error can asymptotically converge to zero with all
signals remaining bounded. The main drawbacks of this scheme are that the
estimates of inertia matrix need to remain uniformly positive-definite, and the

measurement of the acceleration is needed in order to realise the adaptive update law.

In Spong and Ortega (1988), the requirement that the estimates of inertia matrix
remains uniformly positive definite in Craig (1986) is removed. The estimates of
. inertia matrix and other unknowa parameters, which have the fixed values, are used in
, the feedback control. An additive signal that compensates for the deviation of the
estimates of inertia matrix and other parameters is then adaptively adjusted so that the
output tracking error can asymptotically converge to zero with all signals remaining
bounded. During this same period, many other adaptive control schemes were
developed. For example, in Amestegui et al. (1987), the requirement on boundedness
of the estimated inertia matrix is removed but a different parameter update law is
used. In Middleton and Goodwin (1988), the measurement of the joint acceleration is
not required but the boundedness of the inverse of the estimates inertia matrix is still

needed.

However, some practical issues for the use of the above adaptive control schemes

have been noted by many researchers. First, the transient error performance can not

-



be specified. Second, since asymptotic stability has not been proved to be uniform,
small changes in the dynamics or small unmodeled bounded disturbances may result
in loss of stability and cause unacceptably large deviations from the desired response (

Rohrs et al., 1985; Ortega and Spong, 1988).

A remarkable development in robotic control field is the use of variable structure
control technique. The variable structure control technique was first used to solve
control problems in Soviet Union in the 1960s (Emelyanov, 1962, 1966), and has
been largely investigated by many researchers (Utkin, 1971, 1977, 1978, 1983; Itks,
1976; Young, 1978, 1988; Slotine and Sastry, 1983) in both theoretical and applied

aspects.

A variable structure control system is characterised by a control structure which is
switched as the system states cross certain discontinuous surfaces in the state space.
The intersection of these surfaces forms a sliding mode which is intended to constrain
the dynamics of the system trajectories. When the sliding occurs, the trajectory is
kept on the sliding mode resulting in the desired system dynamics that is insensitive to
. parameter variations, nonlinearities and disturbances. It is due to the above
advantages that the theory of variable structure systems has been widely used in the

control of robotic manipulators.

The first application of the variable structure control theory to robot control seems to
be the work of Young (1978), where the variable structure controller eliminates the
nonlinear coupling of joints by forcing the system into the sliding mode after which
the output tracking error asymptotically converges to zero. Later modifications of
the Young controller were presented by Morgan and Ozguner (1985) and Abbass and
Ozguner (1985), in which decentralised variable structure control schemes are
developed and the controller designs are simplified. Unfortunately, for most of the
above variable structure control schemes, chattering occur in the control input, which

may excite undesired high-frequency dynamics. To solve this problem, a modified

-



variable structure controller using boundary layer technique was developed by Slotine
and Sastry (1983). Using the boundary layer technique, the control input signal can be
smoothed inside a possibly boundary layer. This will achieve optimal trade-off
between control bandwidth and tracking precision, and therefore eliminate chattering

and sensitivity of the controller to unmodeled high frequency dynamics.

More recently, the work of Yeung and Chen (1988) presented a new approach which
takes advantage of an important property of the inertia matrix, namely its symmetric
positive-definiteness, and allows a development of the control law without having to

take the inverse of the inertia matrix in the variable structure controller design.

In the above variable structure control schemes, the upper and the lower bounds of
unknown system parameters are required in controller designs. However, int some
situations, it is difficlt to know the upper and lower bounds of all unknown system
parameters because robotic manipulators have high nonlinearity and large system
uncertainties. On the other hand, a physical robotic manipulator is a partially known
system, and the known knowledge and some useful structural propetties are not fully

. used for the variable structure controller designs in these schemes.

The recent work of Leung et al. (1991) has made a great progress for the robust
variable structure control of robotic manipulators. In this control scheme, the
controlled robotic manipulator is assumed to be completely unknown, and the
controtler is designed based only on several uncertain system matrix bounds.
Theoretically, robustness and convergence can be obtained. However, still there are
some problems needed to be further improved. For example, when the boundary layer
controller is carried out and the sampling interval is nonzero, the controller pamnieters
will tend to infinity due to the fact that the switching plane variables and output

tracking error can not converge to zero.



This thesis will further investigate variable structure control systems for robotic
manipulators and presents a new robust decentralised variable structure control

scheme.

1.2 Contributions of this thesis

In this thesis we focus our attention on the decentralised variable structure model

reference adaptive control and control following terminal sliding mode.
The main contents of this thesis are organised as follow.

Chapter 2 gives a brief survey for the basic variable structure theory. Some basic
ideas such as sliding mode designs, robustness analysis and controller design methods

for linear or nonlinear systems are reviewed. \

Chapter 3 discusses and compares three recent variable structure control schemes for

robotic manipulators to highlight the research developments in this area,

Chapter 4 follows the line of chapter 4, a decentralised variable structure model
' reference adaptive control scheme is proposed for a class of large scale systems. Itis
shown that, unlike previous decentralised variable structure control schemes in
Abbass and Ozguner (1985), Ozguner et al. (1987), Xu et al. (1990) and Morgan and
Ozguner (1985), a set of adaptive mechanisms are introduced to estimate the
uncertainty bounds. The local variable structure controller can then be designed
without prior information of the bounds of the subsystem matrices and dynamical
interactions. Therefore by the wse of this adaptive sliding mode control scheme, not
only asymptotic convergence of the output tracking error can be guaranteed, but also
the controller design is greatly simplified. In order to eliminate chaitering caused by
the variable structure technique, local boundary layer controllers are presented.

Furthermore, the scheme is applied to the tracking control of robotic manipulators



with the result that strong robustness and asymptotic convergence of the output

tracking error are obtained

Chapter 5 proposes a decentralised terminal sliding mode control for rigid robotic
manipulators. It is shown that, by the use of the terminal sliding mode technique, the
output tracking error can converge to zero in a finite time, A theoretical analysis on
the finite error convergence and robustness with respect to uncertain dynamics is

carried out tin detail..

Chapter 6 gives conclusions and further research,



Chapter 2

A Survey of The Variable Structure
7 Control Theory and Its Applications to
Robotic Manipulators

2.1 Introduction

at

We have mentioned in chapter one and two the basic ideas of the variable structure
control theory and the recent developments in the variable structure control for robotic
manipulators. As we know from the previous chapter, variable structure control can be
considered to be an extension of conventional feedback control in the sense that the
structure of a state feedback regulator is allowed to change as its states cross
discontinuity surfaces, which results in discontinuous feedback control input on one or
more manifolds in the state space. From the point of the conventional feedback
control theory, a variable structure control system can be treated as a combination of
subsystems. Each subsystem has a fixed structure and operates in a specified region of

the state space. The combination of these subsystems according to some prescribed

-



rules results in a new system which is different from the individual subsystems and

has the desired system r2sponse.

The main feature of a variable structure control system is the sliding motion. For the
design of a variable structure controlier, the first thing is to define a set of switching
plane variables which are a function of the system states. The intersection of these
switching planes forms a sliding mode, The purpose of the variable structure
controller is to drive the system states into the sliding mode on which the sliding
motion occurs and the motion of the system is thus formally equivalent to a system of
low order, called as equivalent system. Actually, the sliding motion on the sliding
mode is the:convergence motion of the system states froni arbitrary initial values to the
oﬁgin.. The convergence rate depends on the design of sliding mode parameters. It is
due to this feature that the variable structure control is also called sliding mode

control,

Another feature of a variable structure system is that the transient response can be
divided into two parts. First, the motion in which the variable structure controller
"drives the switching plane variables to reach the sliding mode. Second, the sliding
’ motion in which the system states constrained on the sliding mode asymptotically
converge to the origin, Usually, the sliding motion is determined only by the sliding
mode parameters. However, the convergence of the switching plane variables are
affected by the sliding mode parameters becauwse the sliding mode parameters are

involved in the controller gain matrices.

In this chapter, we will first review the basic variable structure control theory that has
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been useful in establishing robust variable structure control algorithms, In view of the
focus of the thesis, we will then restrict our discussion to recent research results on the

robust variable structure control for robotic manipulators with uncertain dynamics.

In section 2.2 of this chapter, the basic variable structure control theory is briefly
reviewed. The basic ideas and definitions such as system model, the sliding mode, the
condition for existence of sliding mode, robustness property and an overview of four
variable structure controllers are discussed. Tn section 2.3, we deviate to address more

complicated variable structure control for a class of nozlinear systems.

2.2 Basic variable structure control study

2.2.1 System model and the sliding mode

We are going to consider a linear time invariant system .

x(t) = Ax(t) + Bu(t) (2.1)
EXG) [14,(¢)]
x,(¢) u, (1)
where x(t)=| . and u(t)=] . | representthe state and control vectors,
%, (). 4, ()]

A€ R™ and B e R™ are constant system matrices. It assumed thatn > m, B'is of
M

full rank m and pair (A,B) is completely controllable.
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Now we define a set of variables called the switching plane variables s, (i=1..m)
passing through the state space origin, { s, =C,X, s, =C,X, ..ccocrne y 8, =C X}
where C,e R" is a constant vector and X is the state vector.

C=[C" ... CT1T is a nxm constant matrix. 2.2

Sliding mode is achieved when the state vector X reaches and remains on the

intersection (s = 0) of the m switching plane variables.

S, = A8 = (X:CX = 0,i= L. @2.3)

1
s
tn
n
oy
O
"
I
=
-
B

Now considering the input vector u(t), it can be expanded and it is usually of the form

u®) = KX + yX 2.4
In the equation above KX is the linear feedback and yX determines the switching

component. We already know what X is, wherelse K and y are controller gain matrices

The task of the control input u(t} is to drive the switching plane variables to reach
sliding mode (2.3) by suitable design of matrices ( gain matrices ) K and y. By doing
so, and after reaching the sliding mode, the system performance will be determined by
the sliding motion on the sliding mode. The sliding mode is designed such that the
system response is restricted on the sliding mode and has a desired behaviour such as

asymptotic stability and prescribed linear transient response. This can be achieved by
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designing the switching plane variables as linear functions of the system states. This is
done as it is easier or convenient for the design and analysis of a variable structure

control system.

The next objective is to design the controller parameters to guarantee that the switching
plane variables will remain on the sliding mode.

Switching plane variables are { s, =C,X, s, =C,X, ........... , 8, =C_X1}.

Utkin and Young (1982) manage to prove that the time derivative of the switching
plane variables always point toward the sliding mode surfaces, then the switching plane
variables s, (i= 1..m) asymptotically converges to zero and the system states ¢an
remain on the sliding mode. The second Lyapunov method is chosen becau& the

problem is a convergence problem.
lar
V= ES S 2.5)

In eqution the constant is included as to cancel the constant generated by derivation of
s's.
To reach sliding mode surface it must be
S'S$ <0 or §8, <0 (i=lL..m)
(2.6)
Note equation (2.6) is the derivative of equation (2.5).
Maust of structure control algorithms are designed based on the sufficient conditions in

expression (2.6) (Utkin 1978 and Decarlo 1988).
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2.2.2 Equivalent control

First we will define a general equation for the switching plane variables.
S=CX | 2.7
Then using equation (2.1) and combining these two equations and differentiating S, we

have

§ =CX 2.8
Combining the equations we have

.

§ = CAX(t) + CBu, =0 2.9)
where u,, is called the equivalent control.

If the CB is non-singular then u,, from (2.9) can be written as

U, = - (CBY'CAX

(2.10)
= -KX )

by equating both sides we can get the expression of X
where K = (CB)'CA (.11)

Now using the equivalent control equation ie equation (2.10) , substitute into the linear

time-invariant system ie equation (2.1) we get
X = AX(t) - B(CB)'CAX(t) (2.12)
Factoriéing AX(t) we get

X = AXO[I - B(CB)'C] e
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The system in equation (2.13) is called the equivalent system. This system has

characteristics noted below.

» The dynamical behaviour of this system is independent of the control input and
depends only on the choice of matﬁx C from the expression S = CX,

¢ The control input here is used to drive the system states into sliding mode and
therefore maintain it on the sliding mode,

o The determination of matrix C may thus be completed with prior knowledge of the
form of the control input,

s With CB being non-singular, the equivalent system has an independent motion from
the control input,

o When sliding motion occu;s on the sliding mode or within N(C), the behaviour of
the equivalent system is unaffected by the control input. This happen due to the
above reasons. If CB was to be singular Utkin(1977) said that the equivalent
control is either not unique or does not exists and sliding mode cannot be reached.

¢ (2.13) is a (n-m)th order system. Darling and Zinober (1986) has shown that for the

matrix B with full rank m, there exists an othorgonal nxn transformation matrix T

such that :
0
TB = [B ] | (2.14)

where B, mxm nonsingular matrix and T* = T* ( T is an othorgonal matrix)
Lets define :

Y=TX (2.15)

Using equation (2.1) and (2.15).w¢ can have a relationship between X and Y



X = T'Y

Solving we have

TT' Y = TAT'Y + TBu
Y = TAT'Y + TBu

Y" =Y Y]]

TAT" = TAT® = [A" A"]
Ay An

et -2
Ys Ay Agp Y B,

1"‘:’1 = AyY, +AY,

Y, = ALY, +A,Y, + B

on the sliding mode , we have

CY +CY, =0
Y, = ('CIYI)CEI

letF = (-C,)C;!

I5

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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The equivalent system can be written in the following form

Y = A, - A PY, - (2.22)
From the above we can see from expression (2.22) that the equivalent System is (n-m)th

order system, iz the system dyhamics is simplified on the sliding mode.

2.2.3 Robustness Property

In this section, we are going to include uncertainty in matrix A and external
disturbances.

This will result in a modified version of (2.1).

X = (A, + AAX(® + Bu + Df (2.23)
where A, is the nominal system matrix, AA is the uncertainty, f € R" is a bounded
~extemnal disturbance vector and matrix D is compatibility dimensioned. Without loss of
generality, it is assumed that matrices_B and D are full rank and the uncertainty
presented in the input distribution matrix B is incorporated in the system disturbance
term, During the sliding motion, the state vector of the system satisfies the following
equations.
form (2.7) S =CX =0.

Using equation (2.23) we havq

C(A + AAX + CBu, + CDf = 0 (2.24)

Using the same steps as the previous section we can arrive at this equation

~
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X = [I - B(CB)'ClAX +AAX + Df (2.25)

Using these conditions of rank relations

rank[B:D] = rank [B:AAT] = rank [B] (2.26)

From Spurgen (1991) it was said that with these conditions , the sliding mode systam

in (2.25) is insensitive to parameter variations and the external disturbances.

Expression (2.26) ig called the invarianée condition. Other researchers like Gutman
(1979) and Bormish and Leitman(1983) have shown that if system uncertainties and
disturbances satisfy the “matching conditions”, then the system is completely
insensitive on the sliding mode and the effect of disturbances and parameter variations

can be minimised by minimising the time required to attain the sliding mode.

2.24 Methods of Sliding Mode Design

As we know now from (2.15) that the choice of parameter matrix C , can deterniine
the behaviour of the system on the sliding mode. The asymptotic convergence and
desired transient response is also determined by a suitable design of matrix C.,

There are 2 methods for the design of sliding mode . They are

¢ quadratic minimisation method

o the eigenstructure assignment method.



Quadratic Minimisation Method
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This method for sliding mode design was first proposed by Utkin and Young (1978)

First lets define the cost functlon to be used

J) = % [X@®TQX( d

(2.30)

where Q is a symmetric positive definite matrix and t, denotes the time at which the

sliding mede starts,

Partitioning the following matrix compatibility with Y

Qn le]
TTQT =
¢ [QZI Qx

where matrix T is defined earlier as an orthogonal matrix,

1]

| By substitution we have the cost function in the form

10 = 5 [T + vTozv) @
ts

where Q° = Qqq - Q12Q23Q21

| -
A =Aq - AIZQZ%Q_ZI

V) = Yy + QhQaM

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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Yi = A'Y) + Appv®) (2:36)

The expression (2.32) is in the form of standard linear quadratic optimal regulator
problem.

By minimising expression (2.32), the optimal control v(t) is given bj}
) = QRALPY;
Using expression (2.36) in expression (2.34) we have
Y, = -QplQy + ALEIY = -FY; (2.37)

where the matrix P satisfies the following Ricati equation

o

PQ* + A*P - PARQZALP + Q" = 0 (2.38)
and matrix
F = QplQy + ALP] (239
can be determined as required.

Eigenstructure assignment method

Utkin and Young(1978) used this method to design sliding mode. To begin with in

this section lets recall (2.2) , which is the systems equation.



x(t) = Ax(t) + Bu(t)
a)
and determine the matrix K of the optimal control vector
u(t) = -Kx(t)

Solving the optimisation problem ie substituting (2.40) into (2.2)

X(t) = (A - BR)X(®
C)

where matrix K is determined in expression (2.13)

During the sliding motion, the state variables must remain in N(C) so that

C[A-BK]v; =ACv; =0

Expression in the above shows that either

(2.40-

(2.40-b)

(2.40-

(2.41)

A is zero or v; € N(C). Since A-BK = A¢q has m zero-valued eigenvalues, we can

set { A;:i= 1,..,n-m}to be the non-zero eigenvalue and therefore, specifying the

corresponding eigenvalues { v;:i= 1,..,n-m} fix the null space of C(dim{N(C)] =n-

m),

It is noted that C is not uniquely determined because of the equation
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CV=0,V=[v;_ Vol 2.42)

has m? degree of freedom, which may be easily seen if we define

_ W2
W= [w2:|—'l‘v (2.43)

Where the partitioning of W is compatible with that of Y, then the expression

(2.42) becomes

T Ty = W _ Wi
0=CTT.Tv=[C, C, ][Wz] C,(F Im][wz] (2.44)

Therefore, F can be determined by the following equation

FW, =-W, (2.45)

The work of Dorling and Zinober (1986) has shown that this approach has the
drawback that the eigenvector may be assigned arbitrarily, after which the
~remaining n-m elements are fully determined by the assigned elements. Thus one
approach to eigenvector assignment is to select m elements according to some
scheme and accept the remaining elements as determined. This may allow a
degree of adjustment to be carried out by inspection. Some other eigenvector
assignment methods have also been proposed, and the details given can be
found

in Moore (1976), Klein and Moore (1977) and Sinswat and Fallside (1977).
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In most of the variable structure control schemes, the control law usually consists of a

linear component u" and a nonlinear component "L which are assumed to form

control input u. The linear paﬁ is merely a state feadback

uL=KX

(2.45)

While the nonlinear signal incorporates the discontinuous elements of the control.

Some examples of possible types of nonlinearity are as given below.

(a) A nonlinear component with constant gains

u:“‘ = Nlisgn(CiX), M >0

(b) A nonlinear component with state-dependent gains

- = mX)sen(CX) m() >0

1

(c) A linear feedback with switching gains

. . uNL=‘PX

where Y = [wij]and

if

Bij s < 0

o, | sixj‘> 0
‘Vij =

(d) A unit vector nonlinesrity with scale factor

-

(2.46)

(2.47)

(2.48-a)

(2.48-b)
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= -”F-X—” (2.49)

where the null spaces of N, M and C are coincident.

The nonlinear control component is discontinuous on the individual hyperplane in
cases (a) - (c). This may result in wasted control effort as the system state pierces one
hyperplane, and is forced into another surface. In case (d), the individual controls are
continuous, except on the intersection of the switching plane variables where all the
nonlinear control elements become discontinuous together. The details of cases (a) -
(d) are shown in Utkin (1978), Ryan (1983), Young (1977) and Dorling and Zinober
(1983). Some special properties and behaviours of a system with control type (d) has

been discussed in Surgeon (1991).

2.3 Variable structure control of nonlinear system

.t

2.3.1 System model

In section (2.2) we have briefly reviewed the basic variable structure control theory of
linear systems. Most of these ideas can be extended to the variable structure control of
nonlinear systems. However, the complexity of the analysis and the controller designs
may be increased due to the nonlinearity in the nonlinear system model. From the
engineering point of view, the following nonlinear system is often considered

(DeCarlo, et al., 1988).

X = £t X) + B, X)u@ (2.50)



where the state vector X(t)e R", the control input vector u(t) € R™, f(t, X) € R" and
B(t, X) € R"™™, Further, each entry in f(t, X) and B(t, X) is assumed to be continuous

with continuous bounded derivative with respect to X.
Each entry u,(t) of the control input vector has the following form

utX)  with 60X > 0

tX) = i=1 ... 2.51
420 {u;(t, X)  with (X) < 0 : " @sh

where o,(x) is the ith switching surface associated with the (n-m) dimensional
switching surfaces

T
oX) = [0,X), ..., 6,00] (2.52)

2.3.2 Sliding mode and equivalent control

“'Following the sliding mode design for linear systems in section 2.2.4, the method of

equivalent control is a way to determine the system motion restricted to the sliding
mode o(X) = 0. Suppose that there exists a time t; > 0, and the state of the system

reaches the sliding mode after t 2 t;. On the sliding mode, the following two equations

are satisfied

oXW =0 t2t | (2.53-8)
SX(®) = 0 t2t, (2.53-b)

Using system equation (2.50), expression (2.53-b) can be expressed as follows
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dolX )[ £, X) + B(t X)u, ]=0 (2.54)

where U is the so called equivalent control which can be obtained from expression

'(2.54) as follows
4 = - [-f‘;}(f—)a(t, X ] -ﬂf(t, X) 2.55)

Lt

Using expression (2.55) in system model (2.50), the dynamics of the closed loop

system on the sliding mode is given by

X =[1- B XX G(X)B(t, Xyt X a"(x) ]t X) (2.56)

Therefore, the problem of the sliding mode design is to choose the parameters in 6(X)
= 0 such that the equivalent system (2.56) is stable. In most of variable structure
control schemes for nonlinear systems, the linear sliding modes are often used.

Therefore, some methods of sliding mode design in sections 2.2.4 can also be used.

2.3.3 Controller design

In general, for nonlinear system equation (2.50), the control input is a m dimensional

vector and each entry has the structure of the form

2.57)

{ ut X) for 6,(X) > 0
u;(t, X) foroX) <0

To determine the switched feedback gains in control law (2.57), the following

| diagonalization method is often used (DeCarlo et al., 1988).

-
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First, a new control vector is considered in terms of a nonsingular transformation
. 3 .
w0 = ¢'6 30 [Z2 186 100 e

where Ql(t, X)(@0/0X)B(t, X) is a nonsingular transformation, and Q(t, X) is an
arbitrary mxm diagonal matrix with elements qt, X) (i =1, ..., m) such that  inf|

q,, X)| >0,

Using expression (2.58) in expression (2.50), the system dynamics becomes

X =, X) + B(t, 0 =2 GS)B“’ 11 o X*0 2.59
If vy is selected such that
gt X" <-VoX it X) 6X) >0 (2.60-2)
gt X0, > - Ve QOft X) o) <0 (2.60-b)
ﬂthen,
6T(X)o(X) < 0 @2.61)

Expression (2.61) is the reaching condition for the system states to reach the sliding
mode surfaces 6(X) = 0. On the sliding mode, the desired system dynamics can be

obtained. Also, the control input u(t) can be obtained from equation (2.58).

In addition to the above diagnalization method, other methods which are similar to the
ones in section 2.2.5 have been used by many researchers. The details can be found in

DeCarlo et al. (1988).
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In practical situations, the system dynamics of a nonlinear system is different from its
nominal System model due to parameter uncertainties. To represent parameter

uncertainties in the plant, the following state equation is considered (DeCarlo, 1988).
X=[f%) + aft X, @) ]+ [B& %) + 4B X, 1) Ju®  2.62-0)

where r(t) is a vector function of uncertain parameters.

In most of researches (Corless and Leitmann, 1981; Gutman and Palmor, 1982;
Peterson, 1985), the plant uncertainties Af and AB are assumed to lie in the image of
B(t, X) for gll variables t and X (this is called "matching condition’). Then dynamic

equation (2.62) can be expressed as follows
X = fit, X) + B(t, X)u + B(t, X)e(t, X, r, u) (2.62-b)

where e(t, X, r, u) represents system uncertainties.

DeCarlo et al, (1988) shows that if e(t, X, r, u) is bounded by a positive function p(t)

lle(t, X, r, Wi, < p(B) (2.63)

and control input has the following form

U=+ (2.64-a)
where
do(X) - dr90(X)  do(X)
=. | — X ft, X (2.64..'3
U, [ po B, X)] [ e 3 )(t, )] )
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T
L LAY I | 2.640)
1B, X) v, Ve, X
o(LX) = a ¥ p(t X) (2.64-d)
. T
V.Vt X) = [a—-";‘;{—x’] oft, X)  @64e)

then system state can reach the sliding mode surfaces o(X) =0, and the desired system

dynamics can be obtained by the suitable choice of the sliding mode parameters.

The results discussed in this section forms the foundation of the variable structure
control theory for nonlinear systems. Although there are many classes of nonlinear
systems, robustness and convergence of variable structure control systems may be
established based on the results in this section (Utkin, 1978; Young, 1978 and
DeCarlo et al., 1988).
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Chapter 3

- Application of Variable Structure Control
Jor Robotic Manipulaiors

3.1 Introduction

~Research has been done over the past few decades to investigate the control algorithms
of robotic manipulators and to improve the closed loop system performance. Generally,
a robotic manipulator is a non-linear system. Control schemes such as feedback control
and adaptive control have been modelled and have been the prime area of research in
robotic manipulators, However they cannot deal with systems that have
¢ large uncertainties
¢ bounded disturbances

» non-lineatities
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With the Variable Structure technique, it is the most powerful and most importantly,
deal with the above three effectively. The design of robust variable structure control
laws for rigid robotic manipulators ensures robustness and asymptotic trajectory
tracking. The results on the robustnes:;. and convergence have been obtained by many
researqhers namely Young ( 1978, 1988 ), Morgan and Ozguner(1985), Slotine and

Sasatry (1983), Yeung (1988) and Leung et al (1991),

In the next section , the dynamics of the robotic manipulator and some recent variable

structure control schemes will be briefly reviewed.

3.2 Dynamics of Robotic Manipulators

The robotic manipulator controls the movement of the robot. To move, the robot needs

to know the position to move to and to control this we need to know the dynamic

properties of the manipulator in order to know how much force is needed to move ihe
robot to its desired position. Accuracy is vital, and deriving the dynamic equation is

not simple, especially for large number of degrees of freedom and non-linearities

present in the system.

In a perfect environment ie without friction and other disturbances, (Spong and
Vidyasagar , 1988) derived the joint space dynamics of an n-link robotic manipulator

using Langranian equations.
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z dkj(Q) qj + zfijk(q) (.llqj + ¢k(q) =T k=1,..,n @.1)
i Lj
dk1 are the coefficients of the inertia matrix D(q)
¢, (@) are the gravitational forces
7, are the input torques
t‘ijk is the coefficient of the coriolis and centrifugal terms
£, oan be defined as
1 ddy ad, 9dd,
fo.="{— +T— + — (3.2)
™) dq;  oq, }
The above equation can also be written as this
DG+ Fg g +G@ =1 @3
where the k,jth element of the matrix F is defined as
od. odd. od. .
= ac B By (3.4)
i=1 aqi aq1 aqk

and the component of G(q) is ¢,.

Equation (3.3) is very complex and non-linear for most robotic manipulators. This is

not so for simple robotic manipulators, (Ortega and Spong 1989) found that there are

several fundamental properties can be used to facilitate the design of control system.

These are
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1. The inertia matrix D(q) is symmetric, positive-definite , and both D(g) and D(q)'l

are uniformly bounded as a function of q.
2. There is an independent control input for each degree of freedom.

3. The Euler-Lagrange equation for the robotic manipulator is linear in the unknown
parameters. All the unknown parameters are constant {eg. link masses, link lengths,
moments of inertia, etc.) and appear as coefficients of known functions of the
generalised coordinates. By defining each coefficient or a linear combination of
them as a separate parameter, a linear relationship results so that we may write

equation (3.3) as

D@ q + F@Q, q + G@ = Y@ 4,90 =7 : 3.5)

where Y is an nxr matrix of known functions, known as the regressor, and q is a
n-dimensional vector of unknown parameters as shown in Spong and Vidyasagar
+*(1989).
It can be seen later that the manipulator system (3.3) can also be expressed into the
generalised form in expression (2.40). Therefore, the basic variable structure theory
can be used to design robust controllers and the structural properties mentioned in

the

above can then be used to simplify controller designs.

3.3 The Young Controller
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In 1978, Young was a pioneer in using variable structure control theory to control
robotic manipulators. He later, in 1988 modified and generalised the robust variable

structure control scheme. In this section, the Young controller scheme is shown

Given that the state variable is defined as

T -T17T
X =
[q" q7] 56
Using
D@ g + Flg,9)q + G@) =
we can obtain that
q = -D(Q)Fq9)q + G@] +D™ (@) | 3.7)
and therefore
q 0
% = y B *1.,0° (3.8)
-D(Q)" (F(Q, )9 + G@Q)) D@
Using the reference model we have
Xp = AXy + By (39

T
where we know that X = [q;r q; ]

[0 I ] I: 0 ]
m Bm =
Aml AmZ . Bml

and A

matrix Am is stable.
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In Young’s revised paper in 1988, he defined the output tracking emor to be the
difference between the reference angle‘ and the systems angle or actual angle. He

defined the error vector to be

T
e=q. -q e= [" & (3.10)

in the above equation ¢ is the output tracking error variable. This also means that the
difference between the reference state vector and the system state vector would give us

the error vector.

The sliding mode surfaces are chosen as
ofe) = Gg + Gg = 0 (3.11)

with Red(-G,G ) <0 (3.12)

“‘and the control input is designed such that it takes into consideration the states(x),

error(e) and the reference model (r).

T=YX +ye+Vyr (3.13)
where V, = ¥ disg(sgn(x ) ..., sgn(x, )) (3.14)
¥, = Y diag(sgnte,), ..., s8n(ey,) (3.15)

v, = Y disg(sgn(r,), ..., sga(t,)) (3.16)
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=T
| Wj = (‘Vip eeny ‘an) (3.17)

Y ‘ (3.18)

{ k. . c@©>0
-k.. c,(e) < 0

for i=1,.....,mandj=x,e,r

This will force the switching plane variables be driven into the sliding mode surfaces

6(e) = 0 and the desired error dynamics ¢an be obtained on the sliding mode as follows

from 0€) = G, + G€ =0 (3.19)

=-G,Gg (3.20)

The switched controller gains are designed based on the upper and lower bounds of the
unknown System parameters. In this control scheme the exact knowledge of the system
is not required, the controller forces the whole system into sliding mode and this allows

for good tracking performance on the sliding mode.

Similar techniques are produced in papers by Nicosia and Tomei (1984), Morgan and

Ozguner (1985), Bailey (1987) and finally Bartolini and Zolezzi (1985).
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3.4 Suction Control

The drawback in these techniques were that the schemes had control torques that were
excessive and this caused chattering ﬁong the switching' line, These chatterings are

bad as they cause high-frequency dynamics that are not considered in the modelling.

To overcome this problem, in 1983 Slotine and Sastry proposed a suction control.

This controi technique contains two parts. In the first step, the trajectory is forced

+ - towards the sliding surfaces. In the second step, the controller is restricted to a smaller»- - -

region or layer that is bounded. This will achieve optimal trade-off between control
bandwidth and tracking precision. It will also eliminate chatterings as the controller is
trapped in this boundary. Due to this smaller region, the sensitivity of the controller is

reduced and is not affected by the unmodelled high frequency dynamics.

“3.5 The Leung Controller

It can be seen from the above discussion that most of variable structure control
schemes are proposed based on the restrictive assumption that the upper and the lower
bounds of all unknown system parameters are known. However, in some situations, it
is difficult to know the upper and the lower bounds of all unknown system parameters
due to large uncertainties, disturbances and nonlinearities in robotic manipulators. To
overcome this difficulty, Leung et al. (1991) proposed a new adaptive variable
structure model following control scheme in which only several uncertain bounds of

system matrices are used in the controller design.
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In Leung et al. (1991), the robotic manipulator (3.3) or state equation (3.8) and the
reference model (3.9) are considered. The state equation (3.8) is written in the

following form

X = AX + Bt (3.21)

0 I 0
A= B = 3.22)
where A Aland B,

It is shown that if the sliding mode is defined as in expression (3.19) and the

following matching conditions and uncertain bound conditions are satisfied
(I - BB"B,_ =0 ' (3.23)

{a- BB*)(Am -A)=0 (3.24)

a- BB*)(Am +A)=0

(3.25)

where B* = [0 B ] (3.26)
Loteroio, ]
4= Lalo 1+ 6lq,) | 627)

0<B SIG,BISP <o | (3:28)
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3 .
IBYA_ - A) - K ll< ¥ olleli™
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(3.29)
i=1
IB'B_ - K,li < a, (3.30)
iB'(A_ + A) - K;ll < o (3.31)
where o, >0, B, > 0 are some positive numbers
and the control law is designed such that
T=K,X + Kyr + Ke + ¢, X + Yor + e (3.32)

where K, K, and K, are constant matrices, and y;, ¥,

matrices given by

and v, are discontinuous gain

T
Zc Hellll sgn(X)
yi= | = ol
0
T
c, L-sgn(r)T lell = 0
Ho‘ll
y2=
0 lloli = 0
Ggo
°s o sgn(e) ol # 0
\']3 =

0 lioll =0

lloll# 0
(3.33)
lloll=0
(3.34)
(3.35)



dc,
= = gueu”uauZ,m j=1,2,3 (3.36)
i=l
45,
2 = &llollzllrl (3.37)
1=
a5
- |o||2 le,l (3.38)
lnl
g >0 i=1,..5

then the output angular position vector asymptotically converges to the desired

reference signal vector.

Theoretically, this scheme has many advantages. For example, the exact knowledge of
~the robotic manipulator are not required and only some uncertain system matrix
bounds are used in the controller design. However, it can be easily seen that it is
difficult to use this scheme in some situations where the boundary layer technique is
utilised or the sampling interval is not zero. Because, in these cases, the output

tracking error e(t) and the switching plane variables o(t) cannot converge to zero, and

thereafter the adaptive parameters Ei (i = 1, .., 5) in expressions (3.36) - (3.38) may

tend to infinity as time tends to infinity.

However, an important feature of the variable structure control system for the robotic

manipulator has been revealed in this scheme, ie, the system matrix bounds can
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provide enough structural information for the variable structure controller design.
Such a system matrix bounds-based variable structure control technique may not only
simplify the controller design, but also further improve the robustness with respect to

large parameter uncertainties and nonlinearities..

3.6 Man Controller

This model was included as a chapter of his thesis that was submitted for his Doctorate

at the University of Melbourne in 1992.

He found that the variable Structure control had many good features. For instance, its
ease of use in linear or non-linear systems. In this chapter, he modifiéd the control
scheme to deal with more practical control problems. He also included the nominal
systems model and the systems uncertainties to simplify the variable structure
~controller design. Another feature of his paper was that the bounds of the structure

uncertainties was used in the design of the robust variable structure controller.

In his paper a class of large scale time-varying systtm with n number of

interconnected  system was considered.

Each subsystem was represented as

X0 = A X0 + BEO) u® + &0, KO.0i=1,..n.  (3.39)
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0 1 0 - 0
[ 0]
AX(D) = ! :
[ . BEO) =| |ba)
where 3, (x®) - 8,5, (x(0) | 1
o
O x, %, 1) = ;)q;i(xj,:‘c,t)
nE

& is the dynamical interaction term.

A reference model was also specified for purpose of obtaining the output tracking error

and it was defined as

o X mi = BiXmi T Bmifi® .(3.40)

r is a piecewise uniformly bounded ith reference input .

Using these assumptions

The subsystem (1) and its reference model (2) structurally satisfy the

following so called matching conditions (Xu, Wu and Huang, 1990)
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(L, -BB)B_ =0 (3.41)
(L-BB)(A -A)=0 (342)
(L - BB )® =0 | (343)

+ T vl T
where Bi=(B; B) B;.

The dynamical interaction term of each subsystem is upper bounded

by an unknown positive number. This is treated as a bounded uncertainties

N®(x, X, t) I <k i=1,...n. (344)
¢;B, is lower bounded by a known positive number
¢B;> ky, (3.45)

The norm of A, - A, is upper bounded by a known positive number

I Am A' Il < ky; (3.46)

The last three assumptions were used as the subsystem structural information in the

local controller design.

The control law for each subsystem is designed as follows
= 3.47
u=ke +k X +kr+ 5, (3:47)

where



el A I
AL Jo

TR lle, o/l # 0
S | (3.48)
0,. lig, o1l = 0
|
Jgillal r o ix ol # 0
ix ol & 55
] lixg
k, = (3.49)
0, llx; o1l = 0
lle. LBl
—‘———'ﬂ‘—rici It 0,1 % 0
ky, Iz, o]
k= (3.50)
0 lri cil =0
"ci Ky
'Wci Hoi"aﬁ 0 (3.51)
K ”o
241

0 ""il=°

where ki, kxi, kei are adaptive gain matrices and i is a discontinuous compensator.
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In this paper Man only needed three uncertain bounds of subsystem matrices and the
dynamical interaction term to be used in ihe local controller design for each
subsystem. This is unlike other decentralised variable structure schemes where there is
a requirement to compute and obtain t;ontroﬂer gain matrices. This increases the
simplicity in design. Moreover there is strong robustness with respect to large system

uncertainties and asymptotic convergence of output tracking error.
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3.7 Concluding Remarks

In this chapter, the dynamics of the robotic manipulator and some variable structure
control schemes were briefly reviewed to highlight the research developments in this
area. Although many variable structure control algorithms have been developed for
robotic manipulators, still there are many issues that need further investigation. For
example, the dynamical interaction term in the control scheme of Man (1992) is taken
as a constant. There is a need for an adaptive mechanism to estimate this term as the
dynamical interaction term varies for different tracking problems. Some terminal
sliding mode techniques can also be used in the robust variable structure controlier

design to further improve the transient response and robustness.

In the following chapter of the thesis, some problems mentioned in the above will be
~fully investigated. Two new robust decentralised variable structure control schemes for
robotic manipulators will be proposed, and it will be shown to enhance the robust

contro! of robotic manipulators.
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Chapter 4

A Decentralised Variable Structure Model
Reference Adaptive Control for Robotic
Manipulators

4.1 Introduction

Decentralised variable structure control is a powerful method for the control of large
~*scale systems, The general principle of this method is that the upper and the lower
bounds of all unknown system parameters are assumed to be known, and a set of local
sliding modes are selected for the controlled system to describe the desired system
response. The local variable structure controllers are then designed which drive
subsystems to move in their local sliding modes. In the sliding modes, the desired
system dynamics can be achieved for the overall system, which is completely
insensitive to system uncertainties, dynamical interactions and bounded external
disturbances (Abbass and Ozgunner, 1984; Ozguner, Yurkovich and Abbass, 1987;
Xu, Wu and Huang, 1990; Morgan and Ozguner, 1985). However, in many practical
situations, where the controlled system has many unknown parameters, the designs of

real time local variable structure controllers based on the upper and the lower bounds
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of unknown parameters will be very complicated and time-consuming by using the

above control schemes,

In this chapter, a robust decentralised. variable structure model fbllowing control for a
class of large scale sysiems is proposed based on Leung and Zhou (1991). It is shown
that two uncertain matrices in the error dynamics are assumed to be upper bounded by
two known constants according to the structural properties of each subsystem, and the
dynamical interaction term is upper bounded by an unknown constant, which is
adaptively estimated in Lyapunov sense. A local variable structure controller can then
be designed for each subsystem. It is easily seen that the local controller design is
greatly simplified in this paper due to the fact that only two uncertain matrix bounds
and an estimated upper bound of the dynamical interaction term as the subsystem
structural information are used in the local variable structure controller design for each
subsystem, which are independent of the subsystem order and the number of the
unknown parameters. Also, asymptotic error convergence and strong robustness with

respect to large system uncertainties can be obtained for the overall system,

. It is well known that, in practical situations, some uncertain bounds of subsystem
‘ matrices can be obtained from experiments according to the structural properties of the
controlled system. However, the upper bound of the dynamical interaction term of
each subsystem is hardly known because the maximum value of the norm of the
dynamical interaction term of each subsystem is varying for different trajectory
tracking problems. To avoid the requirement of the prior knowledge of the upper
bound of the dynamical interaction term, an adaptive mechanism is introduced to
estimate this uncertain bound in Lyapunov sense. The estimate is then used as a
controller parameter in the sense that the effects of dynamical interactions can be
eliminated and asymptotic error convergence can be guaranteed. Furthermore, the
scheme is applied to the tracking control of rigid robotic manipulators with the result

that good tracking performance is obtained.
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This chapter is organised as follows: In section 4.2, the system model and control
objectives are formulated and an adaptive mechanism to estimate the upper bound of
the dynamical interaction term of each subsystem is introduced. In section 4.3, a
robust decentralised variable stmctuté model following control scheme is developed.
The error convergence and robustness are discussed in detail, In section 4.4, the
scheme is applied to the tracking control of rigid robotic manipulator systems. In
section 4.5, a simulation example on a two-link robotic manipulator is given in support

of the theoretical results, Section 4.6 gives conclusions.

4.2 Problem formulation

Consider a class of large scale multivariable systems consisting of n interconnected

subsystems. Each subsystem can be represented as

x(® = Ax()) x(t) + B,x(t) v,) + d)i(xj(t), ij(t), Hi=1,..0 @.1)
(0 1 o0 0 |
;
AGX®) = ! '
Lo Be =] (e
3, (0) - O 1
o
&5, %, = 0 8% %, )
1

where x.€ R™ is the state vector of the ith subsystem, u; € R is the local control

T
input, and x(t) = [ X, (), - "n(t)] is the state vector of the overall system.

Ax(®) e R and Bi(x(t) € R™ are unknown subsystem parameter matrices.

-~
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a, (x(t)) (i=1,.,nand k=1, .,n,)and bx) (i=1,..,n ) are bounded
parameters of subsystem matrices Ai(x(tj) and B,(x(t), respectively. Further, the sign

of b(x(t)) is assumed to be known (b; > 0). D(x, X, t)e RY and $(X; X, )e R!

(j=1,.,n and j # 1) are linear or nonlinear functions representing dynamical
interactions of subsystems,
The desired performance of the ith subsystem (4.1) is embodied in the definition of a

local reference model specified by the designer as

x mi = Amixmi + Bmil‘i(t) 4.2)
[
010 0 0
Ami = ' 1 ' B:r:ui = 0 bmi
Lamil amini. {1.

where x,; € R™ is the state vector of the ith local reference model, r; € R!is a
'"piecewise continuous and uniformly bounded ith reference input, Ap; € R™ and B;

e RMX! gre the known constant matrices and Ag is stable.

The local output tracking error vector of each subsystem is defined as

T {n;-1) ]T

=Xy % =[epmey I =le &g 43)

and a set of local switching plane variables which are assumed to exist in the local
error space passing through the origin are defined as

o, =ce(t i=1,.,n 44)
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where ¢, = [ G o G ] is a constant vector to describe the desired error dynamics
in the sliding mode

ce®=0 i=L.,0 4.5)

or c. WV sece. =0 (4.6)

If the constant parameter vector c; are selected such that the eigenvalues of the
differential equation (4.6) are negative, then, the output error €; converges t0 zero
asymptotically.

Expression (4.4) can also be expressed in the following form

T T
o = [ o,® .. 5,0 1 = [ ce,0, ... ce0 @.7)

Expression (4.7) is called as the switching plane variable vector of the overall system.
It is well known that the sufficient condition for the switching plane variable vector in
expression (4.7) to be globally stable is given by (Abbass and Ozgunner, 1985;
Ozguner, Yurkovich and Abbass, 1987; Xu, Wu and Huang, 1990; Morgan and
QOzguner, 1985)

6,6,<0 =1, ..,n (4.8)

For the further discussion, the following assuraptions are made

(A4.1) The subsystem (4.1) and local reference model (4.2) are controliable

(Abbass and Ozgunner, 1985; Ozguner, Yurkovich and Abbass, 1987).

(A4.2) The local state vectors x, and x . are measurable for feedback to the ith

input (Abbass and Ozgunner, 1985; Ozguner, Yurkovich and Abbass,
1987; Morgan and Ozguner, 1985).

(Ad4.3) The subsystem (1) and its reference model (2) structurally satisfy the
following so called matching conditions (Xu, Wu and Huang, 1990)



(L, - BB{)B_, =0 49)
(L-BB)(A,-A)=0 4.10)
(L - BB)®, =0 . @4.11)

where Bf = (B} B)" B;.
(Ad4d) The dynamical interaction term of each subsystem is upper bounded

by an unknown positive number

NO(x, x, t) 1 <k i=1,.,n, (4.12)
(A4.5) ¢B, is lower bounded by a known positive number
¢B.> ky 4.13)
(A4.6) The norm of A, - A, is upper boundeq by a known positive nurmber
Ay -All< ks (4.14)

Remark 4.1 According to the structural properties of the control systems, k,, and k.

in A4.5 and A4.6 can be obtained in experiments. However, it is hard to know k_;, the

upper bound of the dynamical interactions of each subgystem in Ad4.4, because tie

maximum vatue of [ ®( X, r'cj, t) Il is varying for different tracking problems.

In this paper, we avoid the requirement on the prior knowledge of k. and the

following adaptive mechanisms used to estimate k!

A
k,=ollcllal (4.15)

- . a A . L . - -
where o, is a positive number and k ,; is the estimate of k,; with an arbitrary positive

initial value,

It will be shown later that k ; is the estimate of k, in Lyapunov sense. The detailed

discussion of expression (4.15) is given in remark 6.
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Reziiark 4.2: Since expression (4.5) multiplied by any arbitrary nonzero scaler does not
change the position of the sliding mode, and the sign of b,(x(t)) of matrix B, is
as.umed to be known, assumption A4.5 can always be valid (Khurana, Ahson and
Lamba, 1986).

Remark 4.3: The general principle of the decentralised variable structure control for
large scale systems has been investigated by (Abbass and Ozgunner, 1985; Xu, Wu
and Huang, 1990). However, as mentioned in the inu'oduét‘io.lﬁl of this paper, if each
subsystem has many unknown parameters, the local variable structure controller
design in.Abbass and Ozgunner (1985) and Xu, Wu and Huang (1990) based on the
lower and the upper bounds of all unknown parameters will be very complicated and
time-consuming. However, the objective of this paper is to design a local variable
structure controller for each subsystem based on assumptions Ad.4 - A4.6 and the
adaptive mechanism in expression (4.15), which is independent of the subsystem order
and the number of the unknown system parameters, so that the local controller design
can be simplified and asymptotic error convergence and strong robustness with respect

to large system uncertainties can be guaranteed for the overall system..
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4.3 A decentralised variable structure control scheme

In this paper, the following control law, similar to the one in Abbass and Ozgunner

(1985}, Xu, Wu and Huang (1990), is.used for each subsystem:
n=ke+kx+kr+d 4.16)
where kg € R™ k;; € R™ and k; e R' are adaptive gain matrices which are

determined later. §; € R! is an adaptive compensator to eliminate the effects the

dynamical interactions.

In order to design control law (4.16) :based on assumptions Ad.4 - Ad4.6 and the
adaptive mechanism (4.15) to guarantee the robustness and the asymptotic error

convergence, we have the following main theorem.

Theorem : The motion of the switching plane variable vector of the overall system in
expression (4.7) is globally stable and the output error in expression (4.3)
asymptotically converges to zero if the gain matrices and the compensator in the

control law (4.16) are chosen as given below

e llIA Il
—E-L”e_‘:u”.ei O'i ”ei O'i" z0
k,; = a2 (4.17)
0. lle.o.ll = 0
1xni 11
el
—k31-—'-—x'.rc. % o1t # 0
ky lIx o0l * " H
ky = i (4.18)
0,0 I, o1l = 0
ftc I 1B_. I
—_m o, Ir.o.l # 0
kz |1'G| 11 11
k= P (4.19)

0 Ir, ¢l =0
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ﬁ“ el
e LY 6,1 # 0
=] 'mlal 4.20)
0 lo,l =0

where l? 1 18 updated according to expression (4.15),

Proof: Using expressions (4.1), (4.2) and (4.3), we get the error dynamics of the ith

- subsystem in the following form

€ = Anl + (AL - A)x + B r - Bu, - B (x, X, t) “.21)

Selecting a scalar positive-definite Lyapunov function

1 A2
vi=3(o{+ai k) @“12)
i ~ A
with B, =k, -k, (4.23)
. A
and £, = -k, (4.24)

and differentiating v; with respect to time, and using expressions (4.4), (4.16) and
(4.21), wehave

i Tid il

=G (A - Bk, e, + ci[(Ami -A)-Bk, ]"i"i
a1 A
+6,(B_, - Bk )0, o, (@, +B8)o + o k . k ] (4.25)

Using expressions (4.17)-(4.20), four terms in expression (4.25) satisfy the following
inequalities
Ay - Bik)eiS;

ciBi
= ciﬂ&mivzaici - — Ilcill | Ileicill

Ky

< Ao - liclllA lllleall <0 (4.26)
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cl[(Ami -A)-Bk, ]"i"i
(A, - A)xg, - kz Biy gl
1
< c(Ay - Ao, - K llclllIx ol < 0 4.27)
c(B,; - Bik)ro,
B
= 6By, - <t lig 1 1By 5 o,

<cB ro - llcllIB,llincl<0 (4.28)

1w A
L@ +B8)o + ok k,

e fl He A
='°i¢i°i cB-L-c?'-alk

TRt

A A
s-c, .0, - klillcilll 0i| - (ky - k) gl gl
=-c, &, 0, - kli"ci" | ci|

s- (k- llo )l o1 < 06,2 0 (4.29)
Then Y =06,6,<0 6. 0 (4.30)

Expression (4.30) means that the global reaching condition in expression (4.8) is
satisfied and therefore the motion of the switching plane variable vector of the overall

system is globally stable,

On the sliding mode, expressions (4.5) or (4.6) is satisfied, then, the output error €;

converges to zero asymptotically.
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Remark 4.4: One can show, from expressions (4.25) - (4.30), that the derivative of o;

satisfies the following inequalities:

16,1> (k; - 10 DNCI>0 o % 0 431)

This together with expression (4.30) means that o; goes to zero in a finite time, and

then the sliding motion is started on the sliding mode surface o; = 0.

Remark 4.5. Expressions (4.17) - (4.20) show that, unlike the schemes in (Abbass and
Ozgunner, 1985; Xu, Wu and Huang, 1990), the local variable structure controller
design in this paper requires only two uncertain matrix bounds and an adaptive
estimate of the norm of the dynamical interaction term of each subsystem, and the
involved computations in Abbass and Ozgunner (1985), Ozguner, Yurkovich and
Abbasgs (1987), Xu, Wu and Huang (1990) and Morgan and Ozguner (1985), t0 obtain
the real time local controller gain matrices are not required here, Therefore, the local

variable structure controller design is greatly simplified.

Remark 4.6: The adaptive mechanism in expression (4.15) can also written as the
 following form:
ot ¢
R, =R,0+ [ollcilclar (4.32)

0
with arbitrary positive initial value £ ;0

It can be seen from expression (4.32) that the upper bound of the norm of the
dynamical interaction term in each subsystem is estimated in Lyapunov sense, and it is
not necessary for the estimate to converge to the true upper bound of the norm of the
dynamical interaction term of each subsystem because the value of the estimate in
expression (4.32) is increased until the local sliding variable o, converges to zero.
Therefore, how large the true upper bound of the norm of the dynamical interaction

term in each subsystem is not required .
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In addition, Assumption A4.4 is made for the local controller design using only the
local information. If the states from other subsystems can be used in local controller

design, the expression (4.12) in A4.4 can be modified into the following form:
1,( X icj, Il <k, + ky, flx., ij. v 4.33)

where k,, and k,, are unknown positive numbers to be adaptively estimated and £(.} is

a known positive function.

In this case, an adaptive mechanism, which is similar to expression (4.15), can be used
to estimate k,, and k,, in expression {(4.33) and the similar results for the controller

design and the stability analysis can then be obtained.

Remark 4.7: The strong robustness property of the proposed control scheme is
obvious. First, although the large scale system in expression (4.1) has high
nonlinearities, dynarnical couplings and uncertain dynamics, the proposed
decentralised controller can make the switching plane variable vector in expression
(4.7) converge to zero in 2 finite time (see remark 4.4). Second, in the sliding mode,
~the system is completely insensitive to nonlinearities, dynamical couplings and
uncertain dynamics. The behaviour of the error dynamics is determined only by the

sliding mode parameters .n expression (4.6).

Remark 4.8; If the system in expression (4.1) has the bounded input disturbance, The
dynamical couplings together with the input disturbance can be treated the bounded
uncertainties (see expression (4.12)). Then the decentralised controller for each

subsystem has the same structure as in expressions (4.16) - (4.20).

Remark 4.9: While the local control law u, in expression (4.16) crosses the sliding

mode €0, = 0, chattering occurs in the system and undesired system dynamics may

be excited. To eliminate the problem of chattering, the controller gain matrices and the
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compensator in expressions (4.17) - (4.20) can be modified using boundary layer

technique as:
e 1A I
—m T lle,o,ll 2 5,
. Ky, lle, o,
- 4.34
" e linAH 4 (4.34)
s, G° lle; o, < 8y
i O1i
el
L %, 0,1 > 8,
K, ky, lix, 6l
i 4,
ky, lig,ll ¢ (4.35)
X0 1%, 6,1l < 8,
kﬁi 82i
licilIIB_.II
_‘._ﬁri G, Ir, 6,1 2 8,
" k, Ir. 6l
- 4.
le, Bl \ (4.36)
T, 5 0,1 < By;
i3i
A
k.. llc. i
diig o] 2 8,
5 = ky; ol
- 4.37)
| R; fie.I
K, 8 G lo;l < &y
i 4i

where 8"' 5,,, ©,; and 8, are positive numbers

The above local boundary layer control law offers a continuous approximation to the
discontinuous local control law inside the local boundary layer and guarantees
attractiveness to the boundary layer and ultimate boundedness of the output tracking
error to within a neighbourhood of the origin. This will achieve optimal trade-off
between the control bandwidth and tracking precision, Therefore, the chattering and
sensitivity of the local controller to parameter uncertainties and dynamical interactions
can be eliminated. But the drawback is that nonzero error exists. The detailed
discussion on the boundary layer technique can be found in Corless and Leitman

(1981).
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4.4 Application of the scheme to robotic manipulators

In this section, the controi Scheme derived in section 4.3 is applied to the robust

tracking control of rigid robotic manipulators.

The dynamics of an n-joint rigid robotic manipulator can be described by the

following second-order nonlinear vector differential equation

M(q) g + F(g, 9) + G(@) = U(® (4.38)
where q is the nx1 vector of joint angular positions, U(t) is the nx1 vector of applied
joint torques (control inputs), M(q) is the nxn symmetric positive-definite inertial

matrix, F(g, q) is the vector of coriolis and centrifugal forces, and G(q) is the vector

of gravitational torques.

, For the use of the decentralised control scheme proposed in section 4.3, it is
convenient to treat each joint as a subsysiem. The manipulator dynamic equation
(4.38) is therefore represented by a collection of n second-order nonlinear scalar

differential equations

m@d,+[ X m@d,0]+4@ d+g@ =y i=L..n
i=l

jui

4.39)

where the subscript "i" refers to the ith element, m;(g) is the time varying effective -
inertia seen at the ith joint, and is always positive due to the positive-definiteness of

M(@-
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R §
Defining %=0% 4;] expression (4.40) can be written in terms of state

variables:
: 0 0
q; n
=1 . 4% glmu‘qj
-mii ( i + gi)_ mii mii. fl "
0 1 | 0 0]
= X + 1{u. +
%1 ] ! i L[ %
= Ax, + By, + &, i=1.n (4.40)
and the ith local reference model is given in the following form:
X i = Ay + By (4.41)
(0 1
Ani = dnio1  Ami22
[ 0
Bmi =
o | mil
where A Ao and b .are known constant numbers determined from an

engineering point of view.
The error dynamics is then given by
€, = AL+ (AL -AX +B 1-By, - d ' 4.42)
T
where ¢;=[¢, ¢ ] and g=q,,-q
In this case, a set of local sliding manifolds are defined as:

Gi = Ciei i = 1, anay i} (4'43)

wherec; = [c;; cjol, whose parameters are positive constant numbers

-~
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If the conditions in expressions (4.12), (4.13) and (4.14) are satisfied for all q and q,

the global reaching condition (4.8) can then be satisfied by the use of control law
(4.16) and the controller gain matrices and the compensator in expressions (4.17) -
(4.20).

On the sliding mode, the desired error dynamics is given by

. 1
§=-0Cp% § 4.44)

Therefore, the output tracking error € (i = 1, ... n) converges to zero asymptotically.



4.5 A simulation example

In this section, a simple two-link ‘robotic manipulator is simulated to test the
decentralised variable structure model following control scheme derived in section 4.3.

The full dynamic equations used in this simulation are given as follows.

m,(q,) 4, + m,@,) 8, = B,,@,) 4] + 2B,,(a,) 4, 4, +7,(q,; 9 B+,
m,,(q,) §) + m,, G, = - By,(q,) A5 + %@ 98 + U,

whers m“(qz) = (ml o+ m.z)li + mzli + 2m211ms(q2) +7J 1

m,, = m,_lg +1
my,(9,) = mzli +m,l1,cos(qy) + m,l,cos(q;+g,)
B12(ay) = myl,Lysin(g,)
Y,y q,) = - {(my + m,)] cos(q,) + m,L,c08(q, + Gy))
Y5y Q) = - MyL,COS(q, +y)
*"The parameter values are
I, =1m L =0.8m
J, =5kg.m, J,=5kg.m
m, =0.5kg, m,=1.5kg
Now, each link is considered as a subsystem

. 4T
s, £x,=[q, q,]
T

[[]-2

S, 2x,=[q, q,]

The reference model used for each subsystem has the following form:



Oy 0 1fq,] [oO :

=[ ][ -‘+|. r,® =12
g L-4 -sltq,J L1

wherer(t)=5 t>0

In this example, we let each subsystem and its local reference model have different

initial values.
_ T T
[q¢,@. 9 ,@] =[02 0]
T T
[q,©, ¢,@] =04, 0]
T T
[a,©@ a,@] =[2 o]

T T
[qz(o)’ qz(o)] = [18, 0]

The initial values of the estimates of the upper bounds of dynamical interaction terms

in expression (4.15) and two uncertain system matrix bounds in expressions (4.13) and
(4.14) for subsystems S, and S, are chosen as

@ =15k =2k, =2

A
k
M
k ,0) = 15, ky, = 2, k;, = 2

Switching plane variables are prescribed as

g, =Se1 + g

0, =58 +¢
The computer simulation with a sampling interval AT = 0.01s is performed. Fig.4.1 -
Fig.4.3 show the output trackings, tracking errors and the control inputs by the use of
control law (4.16) with the gain matrices and the compensator in expressions (4.17) -
(4.20). It can be seen that good tracking performance has been achieved, but the
control inputs have undesired chatteri.ngs. To eliminate the chatterings, the boundary
layer scheme using control law (4.16) with the gain matrices and the compensator in

expressions (4.34) - (4.37) is implemented. The simulation results are shown in Fig.4.4
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- Fig.4.6. It is shown that not only the problem of chattering is eliminated, bat also the

amplitude of the control inputs is greatly reduced.
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Fig.5.7-(a)  The control input of joint 1 with local boundary layer controller
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Fig.5.7-(b)  The control input of joint 2 with local boundary layer controller
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Fig.5.6-(b) The tracking error of joint 2 with local boundary layer controller
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Fig.5.3-(b) The tracking error of joint 2
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Fig 5.5-(a)  The output tracking of joint 1 with local boundary layer controller
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4.6 Concluding remarks

A robust decentralised model following control scheme using variable structure theory
for a class of large scale systems is investigated in this chapter. The main contributions
of this chapter are that only two uncertain bounds of the subsystem matrices and an
Lyapunov estimate of the norm of the dynamical interaction term are required in the
local controller design for each subsystem. The controller design is greatly simplified
and robustness and asymptotic error convergence are guaranteed for the overall
system. The scheme has been successfully applied to the tracking control of robotic

manipulators.
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Chapter 5

Decentralised Model Following Contro! Using
Terminal Sliding Mode Technique

5.1 Introduction

In this chapter, we investigate a new terminal sliding mode technique to improve the
error convergence developed by (Man, Z, et al, 1992). Itis shown that a multi variable

terminal sliding mode is first defined for the model following control of rigid robotic
' manipulators, and the relationship between the terminal sliding variable vector and the
error dynamics of the closed loop system is established in order for the stability analysis
of the error dynamics for each subsystem, The robust local terminal sliding controller
can be designed based on a few structural properties of rigid robotic manipulators.
Unlike the linear sliding mode control schemes, the terminal sliding variable vector has
a non linear term of the velocity error. By suitably designing a controller, the local
terminal sliding variable vector can converge to zero in a finite time, and the output

tracking error can then converge to zero on the terminal sliding mode in a finite time.

73
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Similar to the conventional linear sliding mode control schemes, the proposed terminal
siiding mode conﬁ'ol scheme can also brovide the strong robustness with respect to
large uncertain dynamics and bounded disturbances for the overall system. Further, the
controller design is greatly simplified .in the sense that only a few uncertain bounds of

the controlled robot system are used as the controller parameter.

This chapter is organised as follows: In section 5.2, the system model and control
objectives are formulated for each subsystem is introduced. In section 5.3, a robust
decentralised variable structure model following control scheme is developed.. In
section 5.4, the scheme is applied to the tracking control of rigid robotic manipulator

.Section 5.5 gives conclusions.

5.2 Problem Formulaticn

Consider a class of large scale multivariable systems consisting of n interconnected

subsystems. Each subsystem can be represented as

X0 = AGO K0 + Bx®) ut) + D,(x,0), ﬁj(t), §i=1,..0 G6.1)
0 1 0 - 0
o
Ax@®) = : ,
1 » B.(x(9) = 0 b, (x(9)
Lail(x(t)) o aini(x(t)). 1‘
o
¢i(xj’ 7'(" t) = O ¢i(xj, XJ, t)
1
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where xX;€ RN j the state vector of the ith subsystem, uj € R is the local control
T

input, and x(f) = [ x, (&), Kn(t)] is the state vector of the overall system.

A{x(®) € ROXA g54 Bix(t) € RMUX1 are unknown subsystem parameter matrices.

aik(x(t)) (i=1,.,nand k=1, .., n ) and bi(X(t)) (i=1, .., n) are bounded

parameters of subsystem matrices A;(x(t)) and B;(x(t)), respectively. Further, the sign

of b(x(t)) is assumed to be known (b; > 0). ®,( X, ij, t)e RM gand . Xy :'cj. t)e

Rl (j=1,.,n and j#1i) are linear or nonlinear functions representing dynamical

interactions of subsystems.

The desired performance of the ith subsystem (1) is embodied in the definition of a

local reference model specified by the designer as

x . =A X +B_r() (5.2)

0 10~ 0 | 0
Ay = N | By= 0 Omi
.amil amini. 1

where xmi € RO is the state vector of the ith local reference model, rj E‘.1 is a
piecewise continuous and uniformly bounded ith reference input, Ami € RUXMi ang

Bmi € RRixl are the known constant matrices and Amj is stable.

The local cutput tracking error vector of each subsystem is defined as

T
& =X, X = [ gpouer €y ] (53)
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and a set of local switching plane variables which are assumed to exist in the local
error space passing through the origin are defined as

G, = cg; + ¢, (e,° - &) i=1,.,n (5.4)

T
where c, = [cﬂ,l,u...o ] is a constant vector to describe the desired error

dynamics in the sliding mode

cey +culey’-gy) =0 (5.5)
or .

Cyey’ + &, =10 (5.6)

If the constant parameter vector ci are selected such that the eigenvalues of the
differential equation (5.6) are negative, then, the output error ¢j converges to zero in

afinite time .

Expression (5.4) can also be expressed in the following form

T T
o) = [ 6@, ... 0,0 ] =1 ce ... ce,0 ] (5.7)

" Remark 5.1 :In expression 5.4 - 5.6, where ¢, > 0, p = p,/p, and p, and p, which
are positive integers which are selected such that
pp=2m-1, m=12,.. (5.8-3)

2Zm + 1 m

I
-—
»

P2 (5.8-b)

Remark 5.2: It has been shown in (Zak 1988 & 1989) thate; =0 is the terminal
attractor of the system (5.6). Let the initial value of g at time t =0 be g(0) and
parameter p be chosen as shown in remark 5.1, then the relaxation time t, for a

solution of the system (5.5) is given as follow:
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&0 1-p
| de, _ g(0) "
= cy Je? = e (1-p) (5.9)
£;(0)

Expression (5.9) also means that, on the terminal sliding mode in expression (5.6), the
output tracking error converges to zero in a finite time. The details on the terminal

attractor and its applications can be found in(Zak 1988 & 1989).

Expression (5.7) is called as the switching plane variable vector of the overall system.
It is well known that the sufficient condition for the switching plane variable vector in
expression (5.7) to be globally stable is given by (Abbass and Ozgunner, 1985;
Ozguner, Yurkovich and Abbass, 1987; Xu, Wu and Huang, 1990; Morgan and

QOzguner, 1985)

6,01 <0 i= 1,0 (5.10)

M

For further discussion, the following asumptions are made.

A6l The subsystem and local reference model are controllable
A.0.2 The local state vectors X and X i &€ measurable for feedback for the ith input
A3 The subsystem and its reference model structurally satisfy the following matching cort

(Xuetal,, 1990; leungetal,, 1991).
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+ = -
+ — = -
(Ii - BiBi )(Ami Ai) ={ (5.11-b)
+ - -
(Ii - BiBi )<I’i =0 (5.11-c}
A.6.4 The dynamical interaction term in each subsystem is upper bounded
|°il| < kli (5.12)
A.6.5 ciBi is lower bounded
(5.13)
ciBi > k2i
A.0.6 Thenormof A . — A, is upper bounded
(5.14)

!lA .-A.H<k.
mi i 3

A.5.7 The non-linearity term for each subsystem is upper bounded

Il(l - ¢, pelMe, || < K, (5.15)

where k, , K, , ky , k,, are constant positive numbers.

Remark 5.3 : Assumption A.5.4 means that the dynamical interactions between -
subsystems and assumption A.5.5 which is the non-linearities in each subsystem are

treated as bounded uncertainties.
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Remark 5.4 : Since expression (5.9) multiplied by any arbitrary nonzero scalar does
not change the position of the sliding mode, and the element b,(¢) of matrix B, is a
bounded positive ( or negative ) time varying parameters, assumption A.5.5. can

always be assumed (Khurana et al., 1985 ).

Remark 5.5 : Assumptions A.5.5, and A,5.6 show that two vuncertain subsystem matrix
bounds, together with the upper bound of dynamical interaction in assumptibn AS54,

will be used as the subsystem structural information in the local controller design.

5.3. A decentralised variable structure centrol

In this part, the following control law, similar to similar to chapter 5, is used for each

1

' subsystem
u, =k,e +k x, +k,;5 +9, +v, (5.16)

where k,, € R™, k, € R™ and k, € R' are determined later, 3, € R'isa

discontinuous compensator picked according to the bound of the dynamical interactions

znd finally y; € R! is non - linearity compensator picked according to the bound of the

non - linearity for each subsystem
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In order to design control law ( 5.16 ) by using three uncertain bounds in A.5.4 - A5.7,
and guarantee finite time convergence of the output tracking error, we have the

following new results.

Theorem 5.1 : The motion of the switching plane variable vector of the composite
system in expression (5.9) is globally stable, and the output tracking error in expression
(5.3) converges in a finite time to zero if the gain matrices and the compensator in the

control law (5.15 ) are designed as

i
1e_mi eiTci Heioil =0
k ."e.c.l
2il°i1
Kei = (5.17)
O xni I’eici" # 0 |
L
1
k .H
*m—lx;rci |xi0i" z 0
o]
g1
xi= (5.18)
leni "xiciﬂ # 0
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#0

i
Jos }=0

""i"’e 0
Jo. |0
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(5.19)

(5.20)

(5.21)

Proof : Using expressions (5.1), (5.2) and (5.3), we get the error dynamics of the ith

subsystem in the following form

e =(A & A —ADX +B.r - B

selecting the scalar positive definite Lyapunov function

-

(5.22)
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v, = -;-021 (5.23)

and differentiating it with respect to time we have,

-B.k ..o,

=0, (A ; ~Bike)ei0; +Ci[(A A~ Bik g dxi0; +¢; (B ~Bik o

—ci(dbi +Bi8i) - ci[(l - clpef")é,+ Bi'yi)ci

(5.24)
ci (A’d— Blkd)elol
< ciA miiC -ﬂcimlAmiﬂleici,l <0 (5.24-3)
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c.B,ka. c.
<c,[(A .-A.)]x.o.- 1 =1l
i mi i7d i ¢c.B

i i
ci[(A'mi - Ai)]"i"‘i - k31”"i""

<
¢;(Bpi ~Bik )50,
kel 12
1 mi
Bmifi% - ©iB; I |Hl 1"
k2. r.C.
111 1

< ciBmiriGi - Icimleimrici’ £0

ci((I)i)v:Ji + ci(BiESi)t:rI

clBikll"clu"OI i

= ci(‘bl)cl + C|B1"0-l"

> ¢ (@), + HCIIHI‘DIHH"1"> 0

xioi" < 0

(5.24-b)

(5.24-c)

(5.24-d)
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ci((l - 01193{’14)5.!1)01 + ci(Bi"(i)ﬂ1

o
= ¢;((1 - cupﬁﬁ'l)e'“)oi + C‘B'kﬂncilll"-ﬁ“
19

> ¢, (1 - cypef)ey)o; + |]c,|a|(l - cl,pa{’;‘)e',,|F|c,||> 0 (5.24-¢)

Then v, =G,6,<0 ¢, #0 (5.25)

Expression (5.25) means that the global reaching condition in expression (5.7) is
satisfied, and therefore , the motion of the switching plane variable vector of the

composite state is globally sable.

On the sliding mode, expression (5.6) is satisfied, the output error can the converge to

Zero in a finite ime.

e

Remark 5.6: Expression (5.17)-(5.21) show that, unlike the decentralised variable
structure schemes in Abbas and Ozgner (1985) and Khurana (1986), local variable
structure controller design requires only four uncertain bounds of subsystem matrices
and dynamical interactions. The involved computation in Abbass and Ozguner
(1985), Ozgunner et al. (1987) and Xu et al. (1990) to obtain the controller gain
matrices are not required here. Therefore, the local variable structure controller design
is simplified and strong robustness with respect to large system uncertainties

dynamical interactions and non-linearities can be obtained. I addition, the controller
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gain matrices and the compensator in expression (5.17)-(5.21) can be calculated

directly from the measurements according to assumption AS.2 and the definition of o;.

Remark 5.7 From equation 5.6, on the terminal sliding mode, the term can be replaced

by (c,’pe® - c,el). This is because on the sliding mode £=-c €}, . Here we can
show that finite time convergence can still be guaranteed because 0 <p< 1.

Remark 5.8 while the local control law #, in expression (5.16) crosses the local
sliding mode c,0;= 0, chattering occur in the system and undesired system dynamics

may be excited. To eliminate the effects of chattering , the controller gain matrices and

the compensatory expression (5.17)- (5.21) can be modified using boundary layer

technique as follow.
A
Wl 7, kol = 5,
f "ec i i 1i
2ill7ii
¢i” ” (5.26)
o
e o |
e. a. e.0. 1< 0,,
Lk2i611' i i 1i
u n ik
2:
k xi R .27
1l
e bl
kz;‘s"f x; G X0, (< 82!.
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Hi"il 23
_ (5.28)
kri_1
IH“BMI
T 7 P
ﬂc.lk ,
il'li
] ﬂ" g, »"’i,la%
2i0 ¢
Siz‘ (5.29)
c.lk ,
o b,
C, . f<8,.
kodgi f L
i
boo  phs
kz'uq' i i
iri
2 = (5.30)
0 ixni Nci |'<85'

where 51 ,821 8,00 4i» Os are positive numbers

using the above local boundary layer controller law, the local switching plane variables
can be forced to move toward the local sliding mode surfaces and then the local control

input can-be smoothed in a boundary layer neighbouring the local sliding mode. This
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will achieve optimal trade-off between control bandwidth and tracking precision.
Therefore, dynamic interactions can be eliminated, but the drawback is that non-zero

error exists ( Slotine and Sastry, 1983; Slotine 1984)
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5.4 Application of the scheme to robotic
manipulators

In this section, the control scheme derived in section 5.3 is applied to the robust
tracking control of rigid robotic manipulators,
The dynamics of an n-joint rigid robotic manipulator can be described by the

following second-order nonlinear vector differential equation

M(g) q + F(q, 9} + G(qQ) = U®) (5.31)

where q is the nx1 vector of joint angular positions, U(t) is the nx1 vector of applied
joint torques (contro! inputs), M(q) is the nxn symmetric positive-definite inertial

matrix, F(q, q) is the vector of coriolis and centrifugal forces, and G(q) is the vector

of gravitational torques.

For the use of the decentralised control scheme proposed in section 5.3, it is
convenient to treat each joint as a subsystem. The manipulator dynamic equation
~'(5.31) is therefore represented by a collection of n second-order nonlinear scalar

differential equations

]
m. (@) q, + [21 m,. (@ qj(t)] +£(q, 9 +g@ = v, i=1,.,0(32)
_|=
jwi
where the subscript "i" refers to the ith element, mji(q) is the time varying effective
inertia seen at the ith jdint, and is always positive due to the positive-definiteness of

M(q).

T
Defining xi=[qi qi] » expression (5.32) can be written in terms of state
variables:
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0 bt |
X, = ui- 1 Zmiji'jj
- (f + 8) m, | =

L
0 0
= X, + g ok
LYTIIEYY R LY I
= Aixi + Biui + ¢i i=1,.n (5.33)

and the ith local reference model is given in the following form:

X i = Aoy + B (5.34)
0 1

P = 4niz1  Pmi22
0

B = Dy

where 2ni21* ®mizp and bmi jare known constant numbers determined from an

engineering point of view.

!

The error dynamics is then given by

e;=A &+ (A -AX +B I -Bu; - @, (5.35)
where ¢; = [e; , E, ] and &= Qni - ;.
In this case, a set of local sliding manifolds are defined as: |
G, = ¢ig + C,(&y° - &) i=1,..,n (5.36)

where ¢j =[cj] 1], whose parameters are positive constant numbers
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If the conditions in expressions (5.12), .(5.13) (5.14) and (5.15) are satisfied for ali g
and q, the global reaching condition (5.10) can then be satisfied by the use of

control law (5.16) and the controller gain matrices and the compensator in expressions
(5.17) - (5.21).

On the sliding mode, the desired error dynamics is given by

e=-C,€h | (5.37)

Therefore, the output tracking error € (i = 1, ... n) converges to zero in a finite time,
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5.6 Conciuding remarks

A decentralised model reference terminal sliding mode control scheme using variable
structure theory for a class of large scale systems is investigated in this chapter. The
main contribution of this chapter is the usage of a nonlinear sliding mode and
convergence of error faster than the ones of the linear sliding mode scheme . Similar to
the discussion in Chapter 5, there are only 4 uncertain hounds, are required with local
controller design and therefore the controller design is greatly simplified, strong
robustness to large system uncertainties and strong dynamical interactions is obtained
and finite time convergence of output tracking error is guaranteed, The chattering

problem is eliminated by using the boundary layer technique.

%1
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Chapter 7

Conclusions

Variable structure technique is a powerful approach for the control of nonlinear robotic
manipulators. It is advocated to solve complex control problems that are not within
the scope of simple linear feedback controllers and adaptive controllers, A number of
factors, such as nonlinearities, parameter uncertainties, nonlinear couplings and
disturbances, are known to affect performance of robotic control systems, Therefore,
this thesis has been mainly concerned with the study and improvements of robust
control schemes for rigid robotic manipulators in the presence of these non-ideal

~conditions.

Chapter three and chapter four of this thesis has provided a survey for the basic
variable structure control theory and recent significant results on variable structure
control for robotic manipulators. The limitations of these results in non-ideal

conditions havs also bean highlighted,

Chapter five have provided a robust decentralised variable structure control schemes.
1t has been shown that variable structure controllers can be designed based on several
uncertain system matrix bounds, and the controller g&-ﬁn matrices are adaptively
adjusted by input and output measurements so that strong robustness and asymptotic

convergence of the output tracking error can be achieved.
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In chapter 5, the linear sliding mode technique was replaced with a ternrinal sliding
mode technique so that the output tracking error has a finite time convergence. It is
seen that only theoretical analysis of the terminal sliding mode controller for rigid
robotic manipulators are carried out. ‘t'ilc simulation and further investigation neaed to

be done.

In summary, the thesis has provided two new and improved robust variable structure
control scheme ﬁmed at achieving robustness and convergence against nonlinearities,
parameter uncertainties, nonlinear couplings and external disturbances in the control of
robotic maiiipulators. “We believe that the result has potential to improve the

performance of the robust control of robotic manipulator.
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